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Abstract
Developing mathematical and geometric thinking provides access to mathematics and
promotes independent problem-solving skills, an essential life skill in the ever-changing job
market. The process of building mathematical thinking and mathematical knowledge relies
heavily on generalizations, which extend a range of knowledge or reasoning to a new situation.
Promoting generalization among high school students helps develop problem-solving skills that
allow for independent solving of non-routine problems or problems that students have not
experienced before.
This research identified the generalizations of general principles of strategies, patterns,
and rules high school geometry students exhibited during inquiry-based lessons and then
applied those generalizations to solve non-routine problems. This qualitative case study
identified the application of generalizations through a thematic analysis, a generalization
taxonomy, and collecting data from sixteen students through observations, journaling, and
interviews while covering the topics of geometric transformations and trigonometry. The findings
of this research show students used general principle reflection generalizations to solve nonroutine problems on both geometric transformations and trigonometry. Additionally, students
used prior knowledge to solve the trigonometry non-routine problems. The findings showed how
the generalization taxonomy can be used for lesson development and how the generalization
taxonomy can be applied to communicate the demonstration of geometric habits of mind. This
research is an example of how classroom educators can promote generalizations and solving
non-routine problems.
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Chapter One: Introduction
Geometric habits of mind (GHOM) (Driscoll et al., 2007) and mathematical habits of
mind (MHOM) (Couco et al., 1996) summarize good geometric and mathematical reasoning
skills through the observation of individuals who have those thinking characteristics. The
characteristics of geometric habits of mind include reasoning with relationships, generalizing
geometric ideas, investigating invariants, and balancing exploration and reflection. Mathematical
habits of mind also maintain several characteristics, such as but not limited to students being
pattern sniffers, experimenters, tinkerers, and inventors. Ersen et al. (2018) state there is a lack
of research on geometric habits of mind and mathematical habits of mind involving K-12
students. The lack of research is possibly a result of definitions provided by Driscoll et al. (2007)
and Couco et al. (1996) are intended for use in teaching practices. Generalization is at the core
of both geometric and mathematical habits of mind. A solution to the difficulties with researching
geometric and mathematical habits of mind may be by focusing research on generalizations,
which can then be communicated in terms of geometric and mathematical habits.
Generalization in mathematics plays a critical role in mathematical thinking and how
students build mathematical knowledge. It is an essential component of helping students use
that knowledge in new settings and conditions (Oflaz & Demircioğlu, 2018). The role of
generalizations in mathematics cannot be overstated (Miriam & Neria, 2007), and according to
Ellis (2007a), generalizing should be a primary aim in mathematics instruction. Generalization is
referred to as extending a range of knowledge or reasoning to a new situation or topic (Harel &
Tall, 1991). Ellis (2007a) suggested that weakness in studies concerning how students
generalize is a researcher’s perspective because a researcher’s perspective can be narrower
than a student’s perspective.
Generalizations refer to both a process and a product that are critical to the
advancement of mathematical reasoning (Harel & Tall, 1991). The generalization taxonomy
developed by Ellis (2007a, 2007b) established action generalizations as a process and
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reflection generalizations as a product. Ellis (2007a) developed the generalization taxonomy to
provide a tool for future research to be conducted based on the actor-oriented perspective on
transfer. For this research study, Ellis’ (2007a, 2007b) generalization taxonomy was used in two
ways. First, the generalization taxonomy was used to determine what generalizations students
demonstrate during inquiry-based lessons on geometric transformations and trigonometry. The
second use of the generalization taxonomy (Ellis, 2007a, 2007b) was to observe how students
used generalizations in solving non-routine problems about geometric transformations and
trigonometry. The actor-oriented taxonomy of generalization (Ellis, 2007a, 2007b) parallels
geometric habits of mind (Driscoll et al., 2007) in many ways and provides detailed definitions
designed to be observable for research purposes. The generalization taxonomy can potentially
be used as a lens to communicate in terms of geometric and mathematical habits of mind.
The purpose of this research was to investigate how co-taught geometry high school
students apply their generalizations to solving non-routine problems, to answer the research
question, what generalizations are applied by students to solve non-routine problems.
Geometric transformations and trigonometry were taught to students using an inquiry-based
approach to instruction. After lessons on generalization, students were administered problems
that they were unfamiliar with or non-routine. Data were collected on students who exhibited
instances of generalizations to observe how they applied those generalizations to solving nonroutine problems.
Geometric and mathematical reasoning can be fortified through teacher practices
promoting geometric habits of mind as part of regular classroom activities (Driscoll et al., 2007).
Geometric habits of mind can be developed using an inquiry-based approach by promoting
exploration through student-centered activities. Mark et al. (2010) state that students need to
explore through repeated actions to transition from arithmetic thinking to algebraic and
geometric thinking. An inquiry-based approach to instruction is the recommended instructional
model for promoting geometric thinking and generalization, which, according to Driscoll et al.
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(2007), are critical components of geometric habits of mind. An inquiry-based approach to
instruction allows students to explore a topic to find their own understanding and strategies for
solving problems within that topic (Krawec & Steinberg, 2019). This approach allows for
students to abstract and generalize using mathematical language (Mark et al., 2010).
The main objective of this research is to develop a deeper understanding of how cotaught high school geometry students who demonstrate generalizations on geometric
transformations and trigonometry apply that knowledge to solving unfamiliar problems on the
same topics. Another objective of this research is to add to the conversation on how students
develop generalization in the context of high school geometry.
Non-routine problems were used to observe students’ problem-solving skills and how
students apply generalizations. Students were given minimal guidance beyond clarification of
questions and directions while working through their non-routine problems (Erdogan, 2015).
Non-routine problems on geometric transformations and trigonometry were problems with which
students were unfamiliar, to which they did not know the solutions, and used knowledge and
strategies in unfamiliar ways to solve (Hamka & Hamka, 2018; Kaya & Kablan, 2018; Poyla,
1945; Ünlü, 2018). Students were asked to journal their activity chronologically and not erase
any of their work.
This study was designed around geometric transformations and trigonometry, which are
topics in the Georgia Standards of Excellence (2016) and Common Core (2010) for 10th-grade
geometry. Geometric transformations provide a link between properties of reflections and
congruent figures and lead to an understanding of similar polygons, according to Burger et al.
(2020). Trigonometry provides a link between previously learned knowledge, such as similar
polygons and the Pythagorean theorem, and is an essential tool for future topics in geometry,
such as the volume of three-dimensional objects (Burger et al., 2020). Trigonometry is also a
very prevalent topic in Advanced Decisions Making and Pre-Calculus, which are courses
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students will have to take during their senior year, according to Georgia Standards of
Excellence (2016).
Research Question
After inquiry-based instruction, what generalizations are applied by students to solve
non-routine problems with minimal guidance in the context of geometric transformations and
trigonometry?
Significance of the Study
Developing mathematical thinking and strong problem-solving skills do not only provide
access to mathematics and the potential to solve problems that are non-routine, but it also
provides essential life skills in the ever-changing job market. Generalization is a critical
component of mathematical thinking and the process of building mathematical knowledge. This
research was intended to add to the conversation on how generalization as part of mathematical
thinking can be promoted in a high school geometry classroom. This research will also present
insight into how high school geometry students build generalizations and then apply them to
new situations and scenarios while solving non-routine problems.
This study provides researchers with evidence of how the generalization taxonomy (Ellis,
2007a) can be used when observing high school geometry students. This research serves as an
example of how the generalization taxonomy (Ellis, 2007a) can be linked to geometric habits of
mind (Driscoll et al., 2007) and mathematical habits of mind (Couco et al., 1996). Furthermore,
this research provides insight into how inquiry-based practices presented in the research can
lead to students solving non-routine problems independently.
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Definitions of Key Terms
Actor-oriented transfer perspective. Actor-oriented transfer perspective refers to the
perspective of the participant or subject as opposed to the researcher's perspective when
concerned with the transfer of knowledge, which treats transfer as instances of a student’s prior
activities or knowledge influencing the actions of a new activity (Lobato, 2012).
Generalization. Generalizing extends a range of reasoning or knowledge to a new
situation or scenario (Harel & Tall, 1991).
The generalization taxonomy. Developed using the actor-oriented transfer perspective,
the generalization taxonomy is based on statements and actions that can be seen from the
students’ perspective of how they develop and apply knowledge to new scenarios (Ellis, 2007a).
Geometric habits of mind. Geometric habits of mind are thought characteristics and
attitudes that promote geometric reasoning (Driscoll et al., 2007).
Inquiry-based instruction or approach. An inquiry-based approach, or inquiry-based
instruction, is a method that requires students to explore topics through open-ended tasks with
approaches differing by the degree of guidance from an instructor (Kogan & Laursen, 2014).
Mathematical habits of mind. Mathematical habits of mind are thought characteristics
and attitudes that mathematicians use in reasoning (Couco et al.,1996).
Non-routine problems. Problems with which students are not familiar, and the solutions
are not known, which require the use of information in unfamiliar ways (Hamka & Hamka, 2018;
Kaya & Kablan, 2018; Poyla, 1945; Ünlü, 2018).
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Chapter Two: Literature Review
The research in this literature review was obtained using the KSU library search engine
and Google Scholar. Google Scholar was used, in some cases, to find cited research and
determine if that research would be relevant to this research. Literature was chosen based on
relevance to generalizations, geometric habits of mind, geometric reasoning, mathematical
thinking, non-routine problems, and the methodologies utilized. Much of the literature found
pertaining to geometric habits of mind, the generalization taxonomy, and non-routine problems
that provided insight into a relevant methodology was delegated to a sample of primary school
students.
The generalization taxonomy developed by Ellis (2007a) will be introduced into this
literature review and related to geometric habits of mind with the intent to address shortcomings
in geometric habits of mind research to communicate the findings in this research in relevant
terms to teacher practices. Geometric habits of mind are a subset of mathematical habits of
mind; a secondary objective of this literature review is to examine the characteristics of
mathematical habits of mind (Couco et al., 1996).
Geometric Habits of Mind and Mathematical Habits of Mind
Geometric habits of mind are a sub-group of mathematical habits of mind (Couco et al.,
1996; Driscoll et al., 2007). Mathematical habits of mind are ways of thinking that support
learning and the application of formal mathematics; according to Couco et al. (1996), achieving
good mathematical habits of mind will promote success in mathematics beyond what an
individual is exposed to. Individuals who have good mathematical habits of mind are tinkerers,
pattern sniffers, describers, inventors, and visualizers but are not limited to those characteristics
(Couco et al., 1996). The indicators of geometric habits of mind (GHOM) as defined by Driscoll
et al. (2007) can be viewed in Table 1.
Geometric habits of mind build on the foundation of mathematical habits of mind (Driscoll
et al., 2007), and Couco et al. (1996) state that geometric thinking is an absolute necessity in
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every branch of mathematics. Geometric habits of mind and mathematical habits of mind are
identified as different groups of characteristics, but that does not suggest that these habits (see
Table 1) are independent of each other. Geometric and mathematical habits of mind are
overlapping and intertwined; an individual can present mathematical and geometric thinking. For
example, according to Couco et al. (1996), mathematicians look for algorithms while geometers
love systems. Couco et al. (1996) define an algorithm as a pattern or set of repeated steps
where systems are defined as patterns and categories of ideas that can be used in different
cases. Couco et al. (1996) also state that mathematicians and geometry focus on specific
language.
Table 1
Indicators of Geometric Habits of Mind (Driscoll et al., 2007)
GHOM
Reasoning with
Relationships

Generalizing
Geometric Ideas

Investigating
Invariants

Balancing
Exploration and
Reflection

Indicators
Focus on relationships among separate figures
Focus on relationships among the pieces in a single figure
Use special reasoning skills to focus on relationships
Basic Identification of a figure in a problem and correct inventory of the properties.
Indicators
Advanced Relating multiple figures using proportional reasoning.
Indicators
The use of a solution to find another.
Generate all solutions and defend them with a convincing argument.
Questions what happens if a problem’s context is changed.
Basic Uses one problem solution to generate another.
Indicators
Advanced Generate all solutions and defend why those solutions apply to all cases.
Indicators
Wondering what happens if the problem context changes
Follows a procedure to consider what has changed and what has not.
Basic Attempts a new process without being prompted and considers what has
Indicators changed.
Advanced Solvers consider extreme cases for what is being asked by a problem and
Indicators consider what will and will not change.
Experimenting and/or exploring with the chance of stock taking.

Imagining a final solution, making reasoned conjectures.
Basic Exploring with occasional consideration of the results.
indicators
Advanced Imagining what a final solution would look like then reasoning backward and
Indicators testing the resulting conjectures.
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Köse and Tanişli (2014) suggest that geometric habits of mind are mental acts and
define geometric habits of mind as ways of thinking. Geometric habits of mind are not
independent mental acts presented by an individual but are intertwined and overlapping ways of
thinking. Generalization is a critical component of good geometric habits of mind and is at the
center of geometric reasoning, according to Driscoll et al. (2007). In geometric habits of mind,
generalization is defined as shifting attention from a specific set of objects and then applying
that knowledge to a broader set of objects. Components of geometric habits of mind are
reasoning with relationships, generalizing geometric ideas, investigating invariants, and
balancing exploration and reflections (Driscoll et al., 2007).
Both geometric and mathematical habits of mind can be promoted through exploration
and inquiry-based teaching practices (Driscoll et al., 2007; Sword et al., 2018). To promote
geometric and mathematical habits of mind, students need to have the opportunity to explore,
experiment, and use mathematical language (Driscoll et al., 2007; Sword et al., 2018). Inquirybased learning encourages students to investigate, organize their thoughts and generalize,
which are crucial components of good habits of mind, according to Handayani et al. (2018).
The different characteristics of geometric habits of mind being defined for the practice of
education and not for research, there have been myriad difficulties in measuring and observing
them. As a result, many research studies have made attempts to link different habits of mind to
various conceptual and theoretical frameworks in order to attempt to measure them. Those
attempts have produced few repeatable and generalizable examples of research on geometric
habits of mind.
A limited amount of research has been conducted on the effects that geometric habits of
mind have had on students, according to Ersen et al. (2018). This lack in literature could result
from geometric habits of mind being difficult to define from a research standpoint. Further
exploration is being hindered by the continued dearth of standardized methods of measuring the
characteristics of geometric habits of mind.
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Shortcomings in GHOM Research
Inconsistency in instruments leads to a shortcoming regarding geometric habits of mind
research. From the limited literature on geometric habits of mind (Ersen et al., 2018), three
examples have been chosen based on relevance to geometric habits of mind and how the
methodologies may be informative. Each of these three studies have shortcomings in its
findings, and all of the authors from the three examples suggest further research is needed.
Gürbüz et al. (2018) observed 11th-grade Turkish students perform open-ended tasks to
observe geometric habits of mind. Gürbüz et al. (2018) developed indicators based on how they
perceived geometric habits of mind would occur while students completed open-ended tasks.
Creating indicators for geometric habits of mind is a difficult task because Driscoll et al. (2007)
state that geometric habits of mind thinking characteristics are not independent actions but are
interconnected and overlapping. As a result, the findings for the research conducted by Gürbüz
et al. (2018) showed limited observations of specific geometric habits of mind. Gürbüz et al.
(2018) were only able to observe one geometric habit of mind at a time, which is inconsistent
with what Driscoll et al. (2007) suggest regarding thinking characteristics as intertwined and
overlapping.
Research by Köse and Tanişli (2014) also had limitations in observing geometric habits
of mind within their results when they observed primary Turkish schoolteachers performing nonroutine problems. According to Köse and Tanişli (2014), geometric habits of mind are
characteristics of geometric thinking. During observations of participants solving non-routine
problems, Köse and Tanişli (2014) attempted to use the definitions directly provided by Driscoll
et al. (2007). Köse and Tanişli (2014) found little evidence of participants using geometric habits
of mind. These findings could result from geometric habits of mind characteristics being defined
and developed for teacher practices, not research.
Ersen et al. (2018) used a quantitative approach researching geometric habits of mind
with 10th-grade Turkish students. In the research by Ersen et al. (2018), 10th-grade students
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were taught the definitions of geometric habits of mind ahead of geometry instruction. After
inquiry-based lessons designed to promote geometric habits of mind, participants took geometry
assessments composed of non-routine problems. Ersen et al. (2018) found significant
improvement in assessment scores between the control and experimental groups. Additionally,
participants were instructed to declare what geometric habits of mind were used while solving
problems. Relying on self-declaration from students is limited to their understanding of how
geometric habits of mind are defined and the thinking processes they used.
The lack of consistency with geometric habits of mind research indicates the theory's
immaturity and affects the research's repeatability. For example, creating indicators for
geometric habits of mind, as in research by Gürbüz et al. (2018), limits the usefulness of the
instrument to specific research. In contrast, using geometric habits of mind definitions provided
by Driscoll et al. (2007) leads to inconsistencies in results between research studies.
Inconsistent research methodologies can result in difficulties in comparing research and
generalized findings.
Another shortcoming that can lead to inconsistent results in research on geometric
habits of mind is being conducted using a researcher’s perspective. The definition for
generalization provided by Driscoll et al. (2007) is “shifting attention from a given set of objects
to a larger set containing a given one.” Defining generalization in such all-purpose terms can be
a limiting factor when observing from a researcher’s perspective. Driscoll et al. (2007) and
Couco et al. (1996) state that generalization is at the core of mathematical thinking and
geometric reasoning and generalization can be observed from a participant’s perspective.
Geometric habits of mind being characterized as interconnected and overlapping mental acts
suggests that all the encompassed thinking characteristics rely on generalization.
Generalizations in Mathematics
All forms of reasoning and thinking, including mathematical thinking and geometric
reasoning, can be considered mental acts. Jumping or running can be considered a physical
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act; a mental act can be any internal mental action such as interpreting or conjecturing,
according to Harel (2008). Mental acts have two characteristics: ways of understanding and
ways of thinking. According to Harel (2008), mental acts are internal actions of reasoning. Ways
of understanding is a cognitive product carried out by an individual producing meaning
regarding a mathematical construct and then applying that meaning to solve a problem (Harel,
2008). According to Harel (2008), ways of thinking are a cognitive characteristic of a mental act,
such as interpreting properties of a mathematical construct. According to Couco et al. (1997),
generalizations are a critical part of mathematical thinking and reasoning and according to Harel
(2008) are mental acts.
According to Harel and Tall (1991), generalizations are mental acts that apply a body of
knowledge or reasoning to a new situation or scenario. An individual who has the habit of mind
of generalizing is one who wants to know the “always” and “every” and asks the question of
what was discovered happens in every case and is an important part of high school
mathematics (Driscoll et al., 2007). In terms of mathematics, generalization depend on an
individual’s current body of knowledge on how a problem will be manipulated and solved (Harel
& Tall, 1991). Ellis (2007a) states that generalizations are historically hard to research due to
difficulties in formally defining generalizations, and research that has been conducted is often
being performed from the researcher’s perspective.
Harel and Tall (1991) defined two different forms of generalizations, generalizations that
Involve expanding the applicability and scope of a schema of a concept without reconstructing it
and reconstructive generalizations, where an individual reconstructs a body of knowledge that
was generalized to widen its range of applicability (Çekmez, 2020). Çekmez (2020) found in his
research an expansion of a generalization when a student learned to calculate an angle using a
sine function to create part of the unit circle; a student did not need to change the definition of
the sine ratio to that new application. According to Çekmez (2020), a reconstruction of a
generalization is when a student applies the sine function to construct an angle that is greater
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than the right angle in the unit circle because a relationship must be established between the
unit circle, the value of sine and the coordinates on a cartesian plane. In that scenario,
understanding the relationship between a sine ratio and a sine function had to be reconstructed
(Çekmez, 2020). The process of expanding or reconstructing a generalization can be viewed as
the demonstration of action generalizations, where the final application of the expanded or
reconstructed generalizations can be the application of a reflection generalization.
A quantitative construct or structure plays an important role in the way that
generalizations are formed and applied, according to Moore et al. (2020), in that they are part of
the process that results in abstraction or the process of extracting the underlying patterns or
properties of concepts so that they have wider applications. According to Moore et al. (2020), an
abstracted quantitative construct or structure is a body of specific mathematical knowledge that
an individual has that is not limited to the situation that it was initially found and can be relevant
to new scenarios. The development of an abstracted quantitative structure is a mental act that
will eventually lead to the recognition that a mathematical process can be applied to unfamiliar
scenarios (Moore et al., 2020). According to Ellis (2007a, 2007b), action generalizations are a
path to conclusive reflection generalizations. Based on the characteristics of how quantitative
structures are developed (Moore et al., 2020), it could be suggested that the process of
developing a quantitative structure is the path from action generalizations to reflection
generalization, as defined by Ellis (2007a).
Ramírez-Uclés and Ruiz-Hidalgo (2022) stated that a source of generalizations could be
derived from forms of reasoning, analytical, geometric, and harmonic. The definition of analytical
reasoning is when a logical or verbal component is dominant, geometric reasoning relies on a
visual component, and harmonic reasoning is a combination of both (Ramírez-Uclés, & RuizHidalgo, 2022). Ramírez-Uclés and Ruiz-Hidalgo (2022) found in their research on 16-year-old
students working on geometric proofs that reasoning style could not be the only indicator for
measuring levels of generalizations, supporting a statement by Ellis (2007a) that the
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generalizations of an individual are difficult to determine based on the researcher’s perspective.
The generalization taxonomy attempts to address this issue by providing clearly defined
categories of generalizations (Ellis, 2007a, 2007b).
Generalization Taxonomy
Ellis (2007a) used the actor-oriented perspective in transfer to develop a generalization
taxonomy that can be used for future study in observing 7th-grade pre-algebra and 8th-grade
algebra students in an urban public middle school. Ellis (2007a) utilized the actor-oriented
perspective of transfer to develop a generalization taxonomy by observing students working
through gear ratios and speed problems (Lobato, 2012). According to Ellis (2007a), relying on
an actor-oriented transfer perspective, which is the students’ perspective, allows for the
observations of generalizations that the researcher may not have originally intended. Data
analysis was completed using several different definitions of generalizing, which were based on
different perspectives of participants. The development of the generalization taxonomy resulted
from observing students generalizing through the actor-oriented perspective of transfer (Ellis,
2007a).
The generalization taxonomy (Ellis, 2007a, 2007b) is broken down into two parts: action
generalizations and reflection generalizations. A classroom example can be used to interpret
the differences between action generalization and reflection generalization. Observations of
what students are doing and the destination of their reasoning while working on a task are
action generalizations. Reflection generalizations are what students state as understanding after
the task has concluded. The definitions by Ellis (2007a) for action generalizations and the
categories of generalizations presented in the generalization taxonomy can be found in Table 2.
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Table 2
Ellis Generalization Taxonomy Category Definitions (2007a)
Action Generalization: Mental acts as inferred through an activity or talk, mental actions that a
student appears to employ in attempts to generalize. The mental actions that are the
destination to stating generalizations.
Occurs when a student makes a connection between two or more
situations, problems, ideas, or objects.
Type 1: Relating

Type 2: Searching

Type 3: Extending

When a student makes a connection to a previously encountered
situation, the generate another situation as similar to the first.
When a student performs a repeated action in an attempt to
determine if an element of similarity will become evident.
When reasoning is expanded so that the student reaches beyond
the problem, situation, or case in which it originated, and
something new results.

Reflection Generalizations: A statement of a generalization as a conclusion, and then the
ability to use that generalization.
When a student identifies a generalization, refers to a
generalization as a pattern, property, rule, or strategy explicitly.
Type 4: Identification or
Statement
Students who produce identifications or statements of
generalizations making them public.
A statement by student conveying a fundamental character of a
Type 5: Definition
pattern, relation, class, or other aspect that characterizes a
definition of a case or object.
When a student implements a previously developed
Type 6: Influence
generalization in a new problem or context.
Action generalization summarized in Table 3 by Ellis (2007b) is a student’s mental acts
inferred through an individual’s activity and how thoughts are articulated (Ellis, 2007a). Action
generalizations are process descriptions of students’ problem-solving behaviors, mathematical
focus, strategies used, and properties and relationships on which students focus. Action
generalization processes are broken into three categories: relating, searching, and extending.
Each of these categories is broken into multiple subcategories, which are then broken down
further: connecting back, creating new property, form, searching for the same relationship,
searching for the same procedure, searching for the same pattern, searching for the same
result, expanding the range of application, removing particulars, operating, and continuing.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

25

Table 3
Action Generalization with Definitions by Ellis, (2007b)
Type 1:
Relating

Type 2:
Searching

Type 3:
Extending

Relating Situations:
The formation of an
association between
two or more problems
or situations.

(1a) Connecting Back:
The formation of a connection between a current situation and a
previously encountered situation.

Relating Objects:
The formation of an
association of
similarity between two
or more present
objects

(1c) Property:
The association of objects by focusing on a property similar to
both.
(1d) Form:
The association of objects by focusing on their similar form.

(1b) Creating New:
The invention of a new situation is viewed as similar to an
existing situation.

(2a) Searching for the Same Relationship:
The performance of a repeated action in order to detect a stable relationship between two
or more objects.
(2b) Searching for the Same Procedure:
The repeated performance of a procedure in order to test whether it remains valid for all
cases
(2c) Searching for the Same Pattern:
The repeated action to check whether a detected pattern remains stable across all cases.
(2d) Searching for the Same Solution or Result:
The performance of a repeated action in order to determine if the outcome of the action is
identical every time.
(3a) Expanding the Range of Applicability:
The application of a phenomenon to a larger range of cases than that from which it
originated.
(3b) Removing Particulars:
The removal of some contextual details in order to develop a global case.
(3c) Operating:
The act of operating upon an object in order to generate new cases.
(3d) Continuing:
The act of repeating an existing pattern in order to generate new cases.

Using Table 3 as a guide, students who find how proportions developed in similar
polygons are a result of a dilation which is an example of relating. Searching for a procedure
can be seen in students finding a procedure to perform a rotation without knowing rules or
relationships between coordinates. Searching for the same relationship can be seen in students
observing how a scale factor between two right triangles can be utilized to find a missing side of
one of the right triangles.
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Reflection generalization is the second part of the generalization taxonomy that is
categorized as students’ public statements (Ellis, 2007a). If a student directly states a common
property, pattern, or relationship of similarity, the statement can be recorded as a reflection
generalization (Ellis, 2007a). These can be identified as statements or behaviors where
students are either identifying or using generalizations that were created (Ellis, 2007a).
Reflection generalizations (Ellis, 2007a, 2007b) fall under three categories: identification of
statement, definition, and influence. Each of these three categories has subcategories. For
example, the identification of statements is broken down into three subcategories: continuing a
phenomenon, sameness, and general principles (Ellis, 2007a, 2007b). Sameness and general
principal are further broken down into subcategories (Ellis, 2007a, 2007b). Ellis (2007b)
organized the categories that makeup reflection generalization in Table4.
Table 4
Reflection Generalization with Definitions by Ellis (2007b)
Type 4:
Identification
or Statement

Type 5:
Definition
Type 6:
Influence

(4a) Continuing Phenomenon: The identification of a dynamic property extending
beyond a specific instance.
Sameness:
(4b) Common Property:
Statement of
The identification of the property common to objects or situations.
commonality or
(4c) Objects or Representations:
similarity
The identification of objects as similar or identical.
(4d) Situations:
The identification of situations as similar or identical.
General
(4e) Rule:
Principle:
The description of general formula or fact.
A statement of a (4f) Pattern:
general
The identification of a general pattern.
phenomenon
(4g) Strategy or Procedure:
The description of a method extending beyond a specific case.
(4h) Global Rule:
The statement of the meaning of an object or idea.
(4) Class of Objects:
The definition of a class of objects all satisfying a given relationship, pattern, or other
phenomenon.
(6a) Prior Idea or Strategy:
The implementation of a previously developed generalization.
(6b) Modified Idea or Strategy:
The adoption of an existing generalization to apply to a new problem or situation.
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The categories derive from how Ellis (2007a) organized her findings “based on the
student’s primary focus as evidence by his or her description; reflection generalizations were
categorized either as (a) identification of a common property, (b) identification of same objects
or representations, or (c) identification of same situations” (p. 246). Using table 4 as a guide, an
example of common property is a student concluding that an object remains congruent but
changes orientation after performing procedures to complete reflections and rotation. An
example of same situation could be when a student concludes that rotating a rectangle about
the origin 180° is equivalent to reflecting that same rectangle over two axes.

Regarding geometry, the action generalization of searching for the same relationship

can be seen in students observing how a scale factor between two right triangles can result in
finding a missing side of one of the triangles. The reflection generalization general principle can
be seen in students observing how a scale factor between two right triangles will result in
deriving the ratios: sine, cosine, and tangent.
The generalization taxonomy was developed by Ellis (2007a) to be flexible in that it can
be used in different mathematical research and different mathematical disciplines. Research
conducted by Ellis et al. (2017) applied the generalization taxonomy to identify inter-contextual
and intra-contextual forms of generalizing, which are part of the relating-forming-extending
framework. Inter-contextual forms of generalizing are defined as when a student establishes a
relation or similarity across problems or context, and intra-contextual forms of generalizing are
when a student extends similarities and regularities within one task (Ellis et al., 2017). The
analysis in the research conducted by Ellis et al. (2017) found that students may indicate
multiple generalizations in one unit of analysis when a student extended by 3b: Removing
particulars and 3d: Continuing. The finding indicating multiple generalizations was informative
that students presented evidence of intra-contextual forms of generalizing (Ellis et al., 2017),
which provides more flexibility to the generalization taxonomy.
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Generalization is a critical component of mathematical thinking, according to Yavuz and
Aktürk (2017). Couco et al. (1996) state that geometric reasoning is an integral part of
mathematical thinking. Geometric habits of mind developed by Driscoll et al. (2007) specified
mathematical habits of mind to promote geometric reasoning. Mathematical thinking involves
many interconnected thinking styles, including algebraic thinking, geometric reasoning, and
generalization, according to Oflaz and Demircioğlu (2018).
How the Generalization Taxonomy/GHOM Relationship Solves Shortcomings in GHOM
The definitions for geometric habits of mind (Driscoll et al., 2007) and the generalization
taxonomy (Ellis, 2007a, 2007b) used are similar in nature. For example, both essentially defined
generalizations as extending one’s range of reasoning beyond the case being considered (Harel
& Tall, 1991). Another example, searching for the same relationship, which is defined as
performing a repeated action to detect a stable relationship, parallels reasoning with
relationships and is further defined as actively looking for relationships (Driscoll et al., 2007).
Where Ellis (2007a) and Driscoll et al. (2007) differ is mostly in how the generalization taxonomy
moves specifically into these actions providing observable sub-categories. Appendix A provides
a comparison as interpreted by the researcher between a table of geometric habits of mind by
Driscoll et al. (2007) and definitions in the generalization taxonomy by Ellis (2007a).
Harel (2008) defines mental acts as internal actions or thought processes that can be
broken into two categories: ways of thinking and ways of understanding. According to Harel and
Tall (1991), generalizations are ways of thinking. Mathematical thinking is a way of
understanding, according to Yavuz and Aktürk (2017), and geometric habits of mind and
generalization are forms of mathematical thinking. Figure 1 summarizes the relationship
between geometric habits of mind (Driscol et al., 2007) and the generalization taxonomy (Ellis,
2007a, 2007b) as described by the framework, which will be used for this research.
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Figure 1
The Relationship Between Generalization, Mental Acts, and Geometric Habits of Mind

The difficulties in measuring and observing the characteristics in geometric habits of
mind result in shortcomings with research. Research involving students used entirely different
methods to measure geometric habits of mind. Ersen et al. (2018) and Köse and Tanişli (2014)
showed difficulty in their findings when they used a direct interpretation of geometric habits of
mind definitions provided by Driscoll et al. (2007). The generalization taxonomy (Ellis, 2007a,
2007b) can be used to measure visible outward behaviors then communicated in terms of
geometric and mathematical habits of mind.
Comparing and aligning geometric habits of mind (Driscoll et al., 2007) and
mathematical habits of mind (Couco et al., 1996) with the generalization taxonomy (Ellis, 2007a)
could provide an instrument for observation. Communicating the generalization taxonomy (Ellis,
2007a) in terms of geometric habits of mind and mathematical habits of mind with the focus on
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generalization as the core alleviates limitations to any specific activities or form of qualitative
research. The generalization taxonomy was developed by Ellis (2007a) as an instrument for
more than observing generalizations in algebra and recommended that its use be applied to
different disciplines in mathematics (Oflaz & Demircioğlu, 2018).
The generalization taxonomy was initially developed to observe generalizations through
algebraic reasoning (Ellis, 2007a). Subsequently, Ellis (2007b) utilized the generalization
taxonomy to observe justifications of student reasoning. The generalization taxonomy was also
applied in research that measured the effects of teaching styles and approaches on
generalization (Ellis, 2011). Oflaz and Demircioğlu (2018) applied the generalization taxonomy
to determine ways of thinking in mathematics. Using linear algebra tasks, Oflaz and Demircioğlu
(2018) sought to understand mathematical thinking through generalization among middle school
students. These different forms of research all rely on the generalization taxonomy being utilized
as a standard tool for observing mathematical thinking. A variety of research follows with a
recommendation by Ellis (2007a) that the generalization taxonomy should be used in a variety
of research and diverse disciplines of mathematics.
The generalization taxonomy (Ellis, 2007a) relies on outward observable behavior as
opposed to mental acts. Ellis (2007a) collected data on observable behaviors, student-tostudent interactions, and teacher-to-student interactions while developing the generalization
taxonomy. While conducting research on teaching styles and approaches, Ellis (2011) collected
data on student artifacts and work as well as classroom interactions. Oflaz and Demircioğlu
(2018) used interviews to collect data on students after they completed non-routine problems to
gain an understanding of student thinking while problem-solving. Relying on outward behavior
from the actor-oriented perspective allows for a deeper understanding of how previous learning
experiences affect new learning experiences (Lobato, 2012).
The generalization taxonomy (Ellis, 2007a) was used in several instances of research to
observe and identify generalizations occurring in research with different methodologies and
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goals beyond this literature review. Applying the generalization taxonomy with research
intended to communicate in terms of geometric habits of mind is in line with the
recommendation of expanding the use of the generalization taxonomy made by Ellis (2007a).
Utilizing the generalization taxonomy allows for the observation of geometric habits of mind as
interconnected, overlapping behaviors and for research to be conducted in a more repeatable
fashion.
Like geometric and mathematical habits of mind (Couco et al., 1996; Driscoll et al.,
2007), the generalization taxonomy can also find evidence of interconnected and overlapping
behaviors. When Ellis et al. (2017) performed semi-structured interviews with middle school
students performing an algebra task, they discovered that students could exhibit characteristics
of multiple specific generalizations based on the statement the student made. Ellis et al. (2017)
found that students searched for patterns and the same relationships in the task provided, which
resulted in students later extending those patterns and relationships to new cases by extending
particulars and operating. The research performed by Ellis et al. (2017) is indicative of how the
generalization taxonomy can be used to find evidence of interconnected and overlapping
generalizing behaviors.
Driscoll et al. (2007) recommend an inquiry-based approach to promote geometric habits
of mind. According to Driscoll et al. (2007), open-ended tasks that involve exploration promote
geometric habits of mind by encouraging critical thinking and problem-solving. An inquiry-based
approach, or inquiry-based instruction, is a method of instruction that requires students to
engage in open-ended tasks encouraging topic exploration (Kogan & Laursen, 2014). According
to Kogan and Laursen (2014), the goal of an inquiry-based approach is for students to develop
their own understandings and strategies while exploring a specific topic.
Yao (2018) found when researching generalizations involving geometric transformations
that students developed generalizations based on students that stated generalizations based on
properties and procedures. The research Yao (2018) conducted relied on students stating
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generalizations during class discussions and counted the frequencies of when a specific type of
generalizations was made. The generalization taxonomy (Ellis, 2007a, 2007b) can provide
specificity to those categories of generalizations by providing specific indicators of what
generalizations occurred. Yao (2018) states that the students explicitly stated the
generalizations found in the geometric transformations lessons, which is in line with Driscoll et
al. (2007) and Couco et al. (1996) descriptions of students who are generalizers as those that
can precisely describe and defend processes and solutions.
Performing research on geometric transformations, Yao (2018) found that students
exhibited generalizations based on processes and theories. Process-based generalizations are
when a procedure or algorithm is found; theory-based generalizations are statements that
participants construct when reasoning about properties or relationships between mathematical
objects (Yao, 2018). The process-based generalizations and theory-based generalizations align
with what the generalization taxonomy (Ellis, 2007b) identifies as general principles, which are
statements of properties, rules, patterns, and strategies that add specificity to the taxonomy that
was employed by Yao (2018). The taxonomy that Yao (2018) utilized relied heavily on
observations and outward statements of generalizations and showed that it had a limitation
when the research was being conducted in a classroom setting because lessons may take a
number of class periods to administer. The generalization taxonomy developed by Ellis (2007a,
2007b) alleviates this limitation because it can be used in different formats where an outward
behavior can be identified as a generalization. Where the taxonomy Yao (2018b) employed
focused on observations to find evidence of observations, the generalization taxonomy (Ellis
2007a, 2007b) can be used with a myriad of instruments such as student work, interviews, and
observations.
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Techniques of Inquiry-Based Approach
Kogan and Laursen (2014) state that inquiry-based instruction requires the creation of
open-ended, student-centered activities engaging students to explore topics. When students are
engaged in inquiry-based instruction, they are empowered to take learning into their own hands
(Handayani et al., 2018). There is a spectrum of inquiry-based approaches encompassing a
varying degree of guidance from minimal to significant.
According to Handayani et al. (2018), this makes inquiry learning a way to promote
generalization and mathematical habits of mind. The inquiry-based approach involves the
following activities: 1) building deep knowledge and understanding, not just passively in
receiving knowledge 2) engaging directly in the process of discovering new knowledge 3)
applying prior experience to develop a deep understanding 4) transferring new knowledge and
skills with new circumstances 5) putting students in control of learning and mastery (Handayani
et al., 2018).
Inquiry-based instruction can be broken into three categories of techniques: structured
inquiry, guided inquiry, and open inquiry (Kogan & Laursen, 2014). These techniques vary in
how much structure is provided to students. Structured inquiry provides directions for students
to follow. Guided inquiry is less structured, where students are only given the problem and the
materials needed to find a solution, and open inquiry provides little guidance or materials to
solve a given problem (Kogan & Laursen, 2014). Different techniques for delivering inquirybased instruction as defined by Kogan and Laursen (2014) are summarized in Table 5.
According to Thompson et al. (2007), a task involving an “informed” design includes the
learner’s understanding of the context and how to provide opportunities for the discussion to
move in a predictable and desirable direction. When developing a task, the teacher needs to
question the objectives of the task and what are the specific learning goals of the task
(Thompson et al., 2007). When a task is designed considering the learner’s understanding of
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context and clear learning objectives, it is possible to construct mathematical meaning to the
topic that will be addressed (Thompson et al., 2007). In the case of Thompson et al. (2007), the
goal of the task performed with preservice teachers in the research conducted was to provide
meaning between angles being the ratio or a full circle and decimals that can represent the
same ratio as an arc length of a circle. Thompson et al. (2007) found that the result of the task
was that the participants were able to create a meaningful understanding of the relationship of
an angle in degrees, a ratio between an angle and a full circle, with the length of an arc of a
circle.
Table 5
Techniques of an Inquiry-based Approach as Defined by Kogan and Laursen (2014)
Structured Inquiry

•
•
•

Guided Inquiry

•
•

Open Inquiry

•
•
•

Students are provided with hands-on problems to investigate as
well as the procedures and materials.
Students are not informed of the expected outcomes.
Students are to find their own understanding of the topic and
their own methods for finding solutions.
Students are provided only with the material and the problems to
investigate.
Students are to find their own understanding of the topic and
their own methods for finding solutions.
Students are only supplied with the problem.
Students need to find their own materials to investigate the
problem.
Students are to find their own understanding of the topic and
their own methods for finding solutions.

The inquiry approach is a method of instruction that can encourage geometric habits of
mind and generalization (Driscoll et al., 2007; Handayani et al., 2018). Harel and Tall (1991)
suggest that when a student can generalize in mathematics, those generalizations will build and
strengthen when approached with unfamiliar topics or problems. Both Couco et al. (1996) and
Driscoll et al. (2007) state that when a student has geometric habits of mind, there is strong
geometric reasoning, which can be applied to novel situations or problems that are non-routine.
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Non-Routine Problems
According to Poyla (1945), the basic nature of a non-routine problem should be opposite
to a routine problem. Routine problems have predictable methods of finding solutions, and it is
likely that the solution is known (Saygılı, 2017). Poyla (1945) stated that non-routine problems
should invoke problem-solving skills due to solutions not being known. Students should not
have much familiarity with the problem and the process for solving it (Hamka & Hamka, 2018),
and it should be unlikely that the solution will be predictable or can be guessed in advance
(Saygılı, 2017). Non-routine problems can include unfamiliar solutions and may require the use
of information and strategies in unfamiliar ways (Ünlü, 2018). Table 6 provides a summary of
definitions that will be used as parameters for the development of non-routine problems.
Table 6
Parameters for the Development of Non-Routine Problems by the Researcher
Definition

•

A problem which the method for solving is not obvious (Poyla,
1945).

•

Problems involve unfamiliar solutions (Ünlü, 2018).

•

A problem that requires the use of information and strategies in
unfamiliar ways (Khoerul & Kowiyah, 2018).

Uses of

•

Problems students are not familiar with (Khoerul & Kowiyah,
2018).

•

Encourages students to strengthen problem-solving skills (Ünlü,

Non-routine
Problems.

2018).
•

Foster and challenge students’ beliefs (Khoerul & Kowiyah,
2018).

•

Assess student beliefs (Khoerul & Kowiyah, 2018).

When developing non-routine problems, Erdogan (2015) invoked Poyla’s (1945)
definition of a non-routine problem. Poyla (1945) states the solution method should not be
obvious, and more thinking should be needed to solve a problem that is non-routine. Erdogan
(2015) applied Poyla’s (1945) definition to developing non-routine problems to determine which
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strategies students apply to solve non-routine problems. Ünlü (2018) focused on a definition of
non-routine problems requiring more critical thinking skills and involve solutions that are
unfamiliar. Khoerul and Kowiyah (2018) viewed problems unfamiliar to students as non-routine
and requiring the use of strategies and information in unconventional ways. These definitions
are overlapping but focus on a slightly different element of what a problem solver needs to do as
a means of successfully solving a non-routine problem. These definitions are elements of what
Poyla (1945) states a non-routine problem should be.
Non-routine problems have different uses in the classroom and can be applied to
research to observe different phenomena. Erdogan (2015) used non-routine problems to
observe primary school students, discovering and applying patterns to problem-solving
strategies. Ünlü (2018) applied non-routine problems to observe the problem-solving strategies
used by teacher candidates. Non-routine problems were used by Miriam and Neria (2008) to
observe how students generalize when solving non-routine problems among 6th and 7th-grade
students. The differing approach to developing non-routine problems is likely due to the different
phenomena that the authors intended to observe.
Conclusion
This research focused on generalization which will be communicated in terms of
geometric habits of mind (Driscoll et al., 2007) and mathematical habits of mind (Couco et at.,
1996) using the generalization taxonomy developed by Ellis (2007a, 2007b) to measure those
generalizations. Köse and Tanişli (2014) provide insight into how geometric habits of mind are
mental acts and ways of thinking, and Mavrikis et al. (2013) and Yavuz and Aktürk (2017)
suggest that mathematical thinking and generalization are ways of thinking as defined by Harel
(2008). This research applied Ellis (2007a, 2007b) definitions and examples of action
generalizations and reflection generalizations to observe how students apply generalizations to
non-routine problems.
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Ellis (2007b) and Oflaz and Demircioğlu (2018) suggest that action generalizations and
reflections generalizations can occur consecutively. Often an action generalization will be
followed by a specific reflection generalization. The data in showed action generalizations had
an overlapping relationship with reflection generalizations. Ellis (2007a) found the following:
Statements of sameness often accompany the generalization action of relating, and
statements of general principles often accompany the generalization action of searching. The
actions of noticing similarity, generating analogous situations, or searching for similarity
frequently result in declarations of sameness or articulations of rules and principles (Ellis,
2007b). Ellis (2007a) provides an example of how an action generalization of relating will lead to
a reflection generalization of stating a general principle. Examples like these will aid this
research by providing detailed descriptions of what actions and statements to look for from the
students as they work through inquiry-based instruction and non-routine problems. The
application of the generalization taxonomy in this research provided specificity in the
generalizations that students exhibited which may help resolve issues with similar research.
In the classroom, non-routine problems can be associated with promoting beneficial
effects for students learning mathematics. Non-routine problems, according to Ünlü (2018)
Poyla (1945), strengthen students’ problem-solving skills. Khoerul and Kowiyah (2018) found
that non-routine problems foster and challenge students’ beliefs and suggest using non-routine
problems to assess student beliefs. Miriam and Neria (2008) and Oflaz and Demircioğlu (2018)
used non-routine problems to assess students’ generalization processes. Miriam and Neria
(2008) and Oflaz and Demircioğlu (2018) both conducted research studies utilizing the
generalization taxonomy (Ellis, 2007) to observe students’ mathematical thinking.
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Chapter Three: Methodology
Overview of Research Design
This study is a qualitative instrumental case study (Stake, 1995) intended to explore how
students apply their generalizations while solving non-routine problems. Stake (1995) states that
an instrumental case focus is to learn about a phenomenon as opposed to other case studies
that focus on people or programs. In this instrumental case study, the phenomenon is students’
application of generalizations to solve non-routine problems. According to Stake (1995), this
instrumental case study will not focus on a specific group of students or particular lessons and
activities but on how students generalize then apply those generalizations to non-routine
problems.
This research study follows the tradition of those that came before it. Ellis (2007a)
performed a case study on generalization to build the generalization taxonomy. Köse and
Tanişli (2014) applied a case study to investigate how primary school teachers exhibit geometric
habits of mind. Oflaz and Demircioğlu (2018) performed a case study to explore students’
mathematical thinking. Erdogan (2015) and Khoerul and Kowiyah (2018) used a case study
approach to explore how students interact with non-routine problems. These research studies
focused on phenomena that appeared under specific conditions, not specific participants or
groups of participants.
The TR holds a constructivist and social constructivist perspective and approached this
study with the point of view that individual and social experiences affect how knowledge and
generalization develop. The constructivist viewpoint focuses on how students learn through
experience, and the social constructivist viewpoint focuses on how students learn through social
interaction. Driscoll et al. (2007) applied the constructivist point of view when developing
geometric habits of mind and Ellis (2007a) when developing the generalization taxonomy. This
research does not claim to use the actor-oriented perspective on transfer applied to the
development of the generalization taxonomy (Ellis, 2007a). Generalizations are the basis for
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geometric habits of mind and develop through experience and social interaction while exploring
topics and problems; Ellis (2007a) and Driscoll et al. (2007) recommend inquiry-based
approaches to use a constructivist lens. An inquiry-based approach is an instructional technique
that focuses on exploratory tasks while applying the constructivist and social constructivist
perspective (Kogan & Laursen, 2014). Previous research regarding geometric habits of mind
(Ersen, Ezentas, & Altun, 2018; Gürbüz, Aĝsu, & Güler, 2018) and generalization (Ellis, 2007a,
2007b, 2011; Oflaz & Demircioğlu, 2018) exemplify a constructivist and social point of view
through observations of phenomena through academic experiences.
For this research, the label TR was given to the role of teacher and researcher because the
same person occupied both positions. Participants were separated from the class for data
collection. The three faculty members and one retired teacher aided in data collection all have
twenty-plus years of education experience and hold doctorate degrees; those individuals were
labeled teacher observers (TOs).
Setting
Students chosen as participants were separated from the rest of the class for data
collection while working on non-routine problems. This investigation occurred at a suburban
Southern United States, high school that functions on a four-by-four block. A four-by-four block
schedule provides students with four classes per semester, often applying year-long curricula
designed for a forty to fifty-minute class to an 80-to-100-minute class. The classroom has two
teachers and 15-25 special education and general education students. The classroom contains
32 desks paired together and angled, so attention is directed towards the front of the classroom.
The main whiteboard receives an image from a projector, while the auxiliary whiteboard is used
for weekly information about topics being covered. The rear bulletin board is a resource for
students to collect missing assignments in case of an absence. Appendix B provides a diagram
of the classroom where this research will take place.
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The racial demographics of approximately 1,500 students at this high school are 58%
Caucasian, 27% Black, and 9% Hispanic. The school population is split almost evenly between
males (51%) and females (49%). Thirty-four percent of students at this high school are eligible
for free or reduced-price lunch. This research occurred in a co-taught classroom where seventysix percent of students are in general education, with 19% served in special education. Special
education students are assigned to co-taught classes based on decisions made by a student’s
IEP team based on various factors, including a diagnosis of a learning disability and deficits in
attention, long-term memory, short-term memory, math calculation, and/or math problemsolving.
The school district has supplied each student with a laptop computer making the
research site a one-to-one school. There are two math classes that a 10th-grade student in a
non-accelerated track can take at this school. The two available classes in mathematics are
Geometry and Honors Geometry (Georgia Department of Education, 2016). Ninth-grade
students who are on an accelerated track will have an option to take Geometry or Honors
Geometry. Eleventh-grade students who are behind in credit hours will take Geometry.
Both general education and special education students comprised the co-taught classrooms
where this research was conducted. General education geometry sections are semester-long,
but co-taught geometry sessions are extended as year-long classes. This research was
conducted as a typical part of instruction for students; none of the instructional practices will be
new to the TR. This research focused on the topics of geometric transformations and
trigonometry which are part of the Georgia high school geometry curriculum and Common Core
curriculum (Common Core State Standards for Mathematics, 2010; Georgia Department of
Education, 2016).
At the time of this research the TR had sixteen years of experience in general and
special education, is certified in mathematics and special education, and is currently a doctoral
student. The four TOs all hold doctorate degrees and have thirty or more years in the field of
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education. All four TOs are certified in mathematics and were once classroom teachers.
Currently, three TOs hold positions as counselors and a graduation coach as faculty members
at the school where the research was conducted. One TO is retired from the public school
system and currently instructs at the college level.
Procedures for Acquiring Consent
After distributing consent and assent forms, the TR described the study to the students.
It was made clear to the students that participating in this study was voluntary and would not
have any academic impact. Students were given the opportunity to ask questions, and contact
information was provided on the forms for questions from parents or guardians. Consent and
assent forms were sent home seeking permission to use data collected in this research. The TR
was responsible for collecting the forms as per the procedures for collecting consent forms from
vulnerable participants in the Kennesaw University IRB application.
Sampling
Out of 53 students, sixteen were chosen to participate in this study. Three out of the
sixteen participants received special education services, and those three participants with IEP’s
attended a co-taught classroom instructed by the TR. The instruction did not change between
general education and co-taught classes for high school geometry. The sample was comprised
of students from differing academic backgrounds, strengths, and weaknesses because the
sample was chosen from two co-taught and one general education classroom. The sample size
took into consideration previous research on non-routine problems by Erdogan (2015), Khoerul
and Kowiyah (2018), and Miriam, and Neria (2008), which have an average sample size of
eight. The TR chose eight participants for the first round of data collection for the geometric
transformations lesson cycle; then another eight were selected for the second round for the
trigonometry lesson cycle. The TR increased the sample size to account for two rounds of data
collection and any issues that may arise where data may not be usable from a pair.
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The generalization taxonomy developed by Ellis (2007a) was designed to observe
generalizations through students’ behaviors and verbalizations. Participants were selected
based on a criterion that encompasses suitable characteristics to collect data using the
generalization taxonomy. The sample was chosen based on students’ ability to articulate their
thoughts verbally and in writing during inquiry-based lessons (Khoerul & Kowiyah, 2018).
Participants were selected during inquiry-based lessons on geometric transformations, and then
a new set of participants were chosen for the inquiry-based lesson on trigonometry. Participants
then worked through non-routine problems in the lesson cycle for which they were chosen.
Factors that were included in participant selection were if a consent form was turned in.
A student was omitted from the selection pool if a consent form was not submitted. Students
that needed more direct or specific feedback during the inquiry-based lessons were not
selected. Students that did not fill out the questionnaire entirely or during conversations with the
TR had more difficulty articulating their thoughts. For the first round of data collection, the
sample was formed primarily on the return of the consent forms quickly. A few participants were
not chosen that turned in consent forms quickly because there was an apparent struggle with
the material and/or struggle to communicate during the geometric transformations inquiry-based
lessons. More consent forms were received for the second round of data collection; therefore,
the focus was on participants who communicated well and could complete the trigonometry
inquiry-based lessons with more general feedback.
Participants
The sample of participants was comprised of students with varying academic strengths
and weaknesses from general education and co-taught special education classes. Four
participants came from the general education class and had no IEP’s. The other twelve
participants came from the two co-taught classes where three participants had IEP’s, placing
them in the category of special education. All the classes were composed of students with
various academic levels. The sample of sixteen participants closely resembled the
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demographics of the school. Figure 2 presents a comparison between the school and sample
demographics.
Figure 2
A comparison of School Demographics and Sample Demographics
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Out of the sixteen students chosen to be participants, eight are classified as male. Five
participants were classified as African American, one participant was classified as multiracial,
and one was classified as Hispanic; the rest were classified as Caucasian. The demographic
composition of the sample closely resembled the demographic composition of the school. Table
7 presents participants grouped by pairs and which non-routine problems they provided data for.
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Table 7
Pairs of participants and associated non-routine problem

Participants by Pairs
Alf
Bailey
Ivory
Estelle
Barnaby
Oswald*
Halbert*
Ursa
Thelma
Anna*

Non-Routine Problem
Co-taught/general Ed
• Rotating Shapes Just a Little Bit
• General Ed
• Transformation Golf
• Rotating Shapes Just a Little Bit
• General Ed
• Transformation Golf
• Rotating Shapes Just a Little Bit
• Co-taught
• Transformation Golf
• Rotating Shapes Just a Little Bit
• Co-taught
• Transformation Golf
• Proving a Triangle Right
• Co-taught
• Finding the Area and the
• Double Triangles
Polly
• Proving a Triangle Right
• Co-taught
Shaw
• Finding the Area and the
• Double Triangles
Guy
• Proving a Triangle Right
• Co-taught
Marty
• Finding the Area and the
• Double Triangles
* Indicated students with an individualized education plan (IEP).
Inquiry-Based Lessons
This research used an inquiry-based approach to teach translations and reflections, and
rotations in two separate lessons. The lessons described below have been a standard practice
for the TR for the past five years. Students also received instruction on trigonometry using the
guided-inquiry approach in one lesson. Each lesson required approximately two class periods of
80 minutes to complete; students had forty minutes per period to work on the lesson. According
to Kogan and Laursen (2014), the guided inquiry approach relied on instructors as facilitators
providing some guidance to students as they worked through open-ended tasks. Some
guidance was provided in instruction which allowed students to explore topics but still maintain
progress, preventing students from becoming stalled on a particular lesson element. The TR
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chose a guided inquiry approach that allowed for student-centered exploration while working
within the time restrictions of a school day.
In this research, the inquiry-based lessons used were designed by TR using a guided
inquiry approach defined by Kogan and Laursen (2014) for students to explore open-ended
tasks. For each open-ended task in an inquiry-based lesson, the physical materials needed
were supplied to students, such as worksheets, straight edges, and transparency paper as per
the guidelines provided by Kogan and Laursen (2014). As a facilitator, the TR provided
feedback and hints as needed for students to progress through open-ended tasks. The TR has
been administering these lessons for the past five years consecutively. The TR walked around
the room providing guided feedback based on student progress; students who were struggling
to make progress received more specific feedback, while students who were successfully
progressing received general feedback.
The design of the inquiry-based lessons, comprised of open-ended tasks by the TR,
was based on experience and knowledge of the Georgia curriculum. The inquiry lessons on
geometric transformations and trigonometry follow the requirements of the Georgia Standards of
Excellence (2016) and Common Core (2010). According to the Georgia Standards of
Excellence (2016), from the beginning of 8th grade, students have limited experience with
geometric transformations and no experience with trigonometric ratios. A guided inquiry was
chosen over open inquiry to promote success because students have limited prerequisite
knowledge of trigonometric ratios and solving right triangles. The TR felt that structured inquiry
does not provide students with enough opportunities to explore their understanding and
solutions independently. At the end of each task, the class reviewed the results found by the
students promoting an open discussion of the topic.
Geometric Transformations Inquiry-Based Lesson
As part of a typical classroom procedure, the geometric transformations inquiry-based
lesson began with a short introduction, followed by three open-ended tasks that students
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completed in pairs, and then concluded in a discussion of class findings. Students needed one
class period to complete each task. For each open-ended task, students had instructions
projected on the whiteboard at the front of the classroom. Students were given a worksheet with
several graphs, straight edges, and transparency paper as part of the necessary materials to
complete the tasks on geometric transformations. The inquiry-based lesson developed by the
TR and co-teacher on geometric transformations can be viewed in Appendix D. Burger et al.
(2020) stated that with instruction on geometric transformations, students are expected to make
connections with properties of congruent and similar shapes through this process by applying
sequences of geometric transformations, observing properties of geometric transformations,
and examining properties of symmetry in the plane.
The inquiry-based lessons on transformation began with translations and reflections.
The open-ended tasks consisted of a series of questions where students were expected to
translate and reflect a polygon. Students were asked to identify different lines of reflections and
then later reflect over lines of various slopes using slope-intercept form. Part of this inquirybased lesson intended design was to provide a student-centered task where students
concluded common properties, found patterns, and discovered strategies to perform different
geometric transformations in their own way. Students in pairs explored geometric
transformations by repeating actions to develop successful solutions to each task. Students
discussed the results with the TR at the conclusion of each period; they shared their different
methods for performing various transformations with the class.
Students moved on to a task on rotations. Students were asked to answer questions
about rotations and challenged to invent procedures for rotating an object without using
traditional transparent squares as an aid. Students were expected to explain the different
properties of dilations discovered. Geometric transformations concluded when students
completed the task on dilations, which followed the same format as the previous two tasks and
is the beginning of the next unit.
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Trigonometry Inquiry-Based Lesson
The inquiry lesson for exploring trigonometry started with introducing the topic and a
review of the Pythagorean theorem. The topic of trigonometric ratios required one open-ended
task and then a concluding discussion of class findings which was completed in two class
periods. Calculators were not supplied individually to students; students can use their laptop
computers if necessary or check out a calculator from the school math department. Appendix D
provides the inquiry-based lesson on trigonometry.
After reviewing the Pythagorean theorem, the inquiry-based lesson on trigonometry built
upon properties of dilations and used the same procedure as the lesson cycle for
transformations. The open-ended tasks asked students to perform dilations and the review
properties, followed by a review of theorems that prove triangles similar. Next, students were
asked to find methods for solving a missing side of a triangle using a second similar triangle.
The lesson’s objective was for students to discover the source of trigonometric ratios as a form
of similarity. Expectations were that students found patterns in the proportions used to solve
these triangles; a critical aspect of understanding trigonometry is its relationship with similar
triangles (Burger et al., 2020).
The open-ended task required students to solve three right triangles using similar
triangles. A table with some proportions was introduced as students discovered a repeatable
strategy to solve for missing sides of triangles. Students were then asked to find missing sides
of right triangles using a provided table of ratios. Once students become comfortable using the
table to solve for a missing side of a right triangle, students were then told that they were using
a table of trigonometric ratios, which is the operation that is employed when the buttons “sin,”
“cos,” and “tan” on the calculator. When pressing those buttons, for example, sin (15), students
were able to connect that .2588 is a result of dividing the length of the opposite leg by the length
of the hypotenuse.
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Non-Routine Problems
The definition used in this study for non-routine problems has four elements: students
are not familiar with the problems, have not seen the solutions (Kaya & Kablan, 2018), solutions
to problems are not obvious (Poyla, 1945), and problems require the use of information and
strategies in unfamiliar ways (Khoerul & Kowiyah, 2018). Non-routine problems designed by the
TR have been designed with the four elements in mind and were not discussed with students
before administration. According to the Georgia Standards of Excellence (2016) state
progressions, students have not been exposed to the standards that the non-routine problems
covered. To someone familiar with the curriculum, these problems may appear routine. Still,
students in this high school geometry class have not yet seen these problems, except in an
anomaly where a student is repeating the class. The non-routine problems were linked to a new
element of the topic that has yet to be covered. The problems used a familiar topic but required
the application of familiar strategies in novel ways. The administration of the non-routine
problems has been a standard practice for the TR for the past five years.
All four elements of a non-routine problem were considered when designing geometric
transformations and trigonometry non-routine problems. The primary focus for the geometric
transformation non-routine problems was requiring students to use information and strategies in
unfamiliar ways (Khoerul & Kowiyah, 2018). According to the Georgia Standards of Excellence
(2016), students worked with geometric transformations in middle school, but the standards
went into more detail in high school. The geometric transformations non-routine problems
require that students consider their strategies in novel ways. The trigonometry non-routine
problems mainly focused on solutions to the problems not being obvious (Poyla, 1945) and
solutions to the problem either not being familiar or the students being unfamiliar with the
problem (Kaya & Kablan, 2018).
This study used five non-routine problems, two involving transformations and three
concerning trigonometry. COVID-19 protocols closed the school system for a week forcing the
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canceling of the non-routine problem Perspective Dilation. The two non-routine problems used
concerning transformations were: Rotating Shapes Just a Little Bit which involved rotational
symmetry, and Transformation Golf which involved students performing sequences of
transformations using Desmos graphing utility. Three non-routine problems were used for
trigonometry: Proving a Triangle Right, where students were asked to show that a triangle is a
right triangle, Area and Perimeter where students were asked to find the area and perimeter of a
trapezoid; and Double Triangles where students had to find the distance between two objects.
The non-routine problems for geometric transformations and trigonometry can be seen in
Appendices E and F, respectively.
Students completed the non-routine problems in collaborative pairs, which promoted
student-to-student conversations. The generalization taxonomy designed by Ellis (2007a,
2007b) relies on student actions and statements while working through tasks and problems.
Pairing students provided more opportunities for them to verbalize problem-solving strategies
and thinking as they collaborated, providing richer data for observations. Those verbalizations
helped give a better sense of students’ mathematical thinking.
Geometric Transformations Non-Routine Problems
Students engaged in three inquiry-based lessons on geometric transformation, and then,
after specific topics were covered, students were given a non-routine problem. The first nonroutine problem, named Rotating Shapes Just a Little Bit, concerned rotational symmetry, a
standard not mentioned in Georgia Standards of Excellence (2016). The second non-routine
problem utilized an abridged version of Transformation Golf available on Desmos (2021). While
transformations covered in Transformation Golf are a standard for high school geometry,
completing complex sequences of transformation was not discussed with students before
administration. A summary of the non-routine problems for geometric transformations developed
by the TR and co-teacher can be found in Appendix E.
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The first non-routine problem was administered two days after inquiry-based lessons on
translations, reflections, and rotations. Participants were given a day to practice various
rotations for one class period between the inquiry-based lesson on rotations and the non-routine
problem regarding rotational symmetry. At the start of Rotating Shapes Just a Little Bit,
participants were asked, “What is the smallest number of degrees you can rotate a pentagon,
hexagon, and octagon, so it looks like the shape you started with?” which has never been
discussed before with the class making the problem unfamiliar (Kaya, & Kablan, 2018). Also,
according to the Georgia Standards of Excellence (2016) curriculum, participants did not
discuss rotational symmetry in any previous grade as it is not a standard for high school
geometry. Rotating Shapes Just a Little Bit required participants to use what information and
strategies they understand about rotations and angles in shapes in a novel way (Khoerul &
Kowiyah, 2018). Participants were given about thirty to forty minutes to solve the problem in a
separate room. Most of the pairs could have used a bit more time, but unfortunately, the class
period ended, forcing the participants to move to their next class.
The class had to move forward with the curriculum, which moved to the inquiry-based
lesson on dilations that required two class periods but were not relevant to the non-routine
problems. While participants were working through the inquiry-based lesson on dilations, they
were given homework assignments that involved practicing transformations that they had
previously learned. Transformation Golf is a non-routine problem that utilizes Desmos, an online
graphing utility available for open use (Desmos, 2020). Transformations Golf is a series of tasks
in Desmos where participants were required to move a hexagon onto another hexagon while
avoiding obstacles, with each consecutive problem becoming increasingly difficult. As the
problems become more complex, they will require a more complex sequence of transformations
and an understanding of various properties of translations, reflections, and rotations. Many of
these problems had unfamiliar solutions to students (Ünlü, 2018). This series of non-routine
problems requires increasingly complex geometric transformations and strategies to be applied
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in novel ways (Khoerul & Kowiyah, 2018). The Georgia Standards of Excellence (2016) contains
a standard for high school geometry that requires students to place an object on top of another
object using a sequence of transformations. This standard, using a sequence of
transformations, first appears in high school geometry, and it will not be discussed before
administering Transformation Golf. Participants were given an average of forty-five minutes to
complete Transformation Golf; most pairs of students completed all of the required questions.
Trigonometry Non-Routine Problems
All trigonometry non-routine problems were administered after completing the inquirybased lessons on trigonometry. The inquiry-based lesson on trigonometry (see Appendix D)
required two class periods to complete, and then a homework assignment was provided for
extra practice. In the first non-routine problem, Area and Perimeter, students were asked to
solve for the area of a trapezoid. The trapezoid provided lengths of two sides and an angle of
65°. Area and Perimeter were unfamiliar as there is little mention of trapezoids other than

geometric transformations in the Georgia Standards of Excellence (2016). The participants
approached Area and Perimeter by cutting the trapezoid into a rectangle and a right triangle. No
participant recalled the formula for the area of a trapezoid. After breaking up the trapezoid into
sections, participants employed trigonometry and the Pythagorean theorem to find the missing
sides required to find the area and perimeter. Participants were required to use trigonometry to
find the lengths of the missing sides after creating altitudes, which was an unfamiliar strategy
(Khoerul & Kowiyah, 2018) and will be covered later in the unit. All of the participants completed
the problem within forty minutes. A technical issue occurred with the non-routine problem Area
and Perimeter where the observations were lost, but the student work, and pre and post
interviews provided the data needed to answer the research question.
The second non-routine problem, Double Triangles, required trigonometry but also
required strategies to be found to address the double triangles. However, double triangles are
not mentioned as a standard in the Georgia Standards of Excellence (2016). The first double
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triangle problem required participants to solve the distance between two individuals standing on
opposite sides of a pole. In contrast, the second set of double triangles required participants to
determine the distance between two vehicles moving in the same direction. The diagrams
depicting the two problems were supplied to participants.
The Double Triangles non-routine problem required participants to consider what the
solutions needed to be (Kaya & Kablan, 2018) because the participants had never seen the
problem. Participants first recognized that trigonometry was required to solve the problem and
then added or subtracted the results. In their post-interview, some participants reported a
similarity between Double Triangles and Area and Perimeter. Participants recognized that
Double Triangles required consideration of the distance between two objects moving in either
different or the same directions. All of the participants completed the non-routine problem within
thirty minutes. A TO reported that one pair of participants accessed a cellular device and
researched the problem; as a result, that data was omitted. A summary of the non-routine
problems for trigonometry can be found in Appendix E.
The third non-routine problem, Proving a Triangle Right, asked participants to identify if a
given triangle is a right triangle. The given triangle has a hypotenuse with a length of 5.63 cm
and legs that are 3.81 cm and 4.08 cm long. While this question has a correct answer, there are
several methods to this non-routine problem, most of which were unfamiliar to participants
(Poyla, 1945) due to the participants being new to the topic and having never seen these
problems previously. Participants all completed this problem within the forty minutes provided.
None of the participants used the Pythagorean theorem to solve the problem. All participants
chose to use trigonometry and concluded that the triangle is not a right triangle. Using
trigonometry to prove a property of a triangle was never discussed, and the students were not
familiar with these types of solutions (Ünlü, 2018).

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

53

Instruments
The instruments included student journals with questionnaires with the inquiry-based
lessons and non-routine problems documents. New journals were supplied for each inquirybased lesson and each non-routine problem. A pre-interview and post-interview of the nonroutine problems were conducted to understand the participant’s thinking. Observations to
record student behaviors occurred in a small group environment while participants worked on
non-routine problems.
Participants were asked to maintain a journal comprised of worksheets and a
questionnaire while working on the inquiry-based lessons and non-routine problems for data
collection of participant work and thoughts. The questionnaire (see Appendix C and Appendix
D) is a journal page with three questions for specified problems by Miriam and Neria (2008),
whose research focused on the processes students used to solve the non-routine problems and
justifications for why those processes were used. Questions in the questionnaire included,
“What process did you use to answer this question?”, “Why did you use that process?” and “Did
you change your mind?” According to Miriam and Neria (2008), using a questionnaire helped
clarify participants’ thinking and strategies while solving problems in their research. These
questions pertained to participants' strategies and thinking to solve the inquiry-based tasks and
the non-routine problem. Pairs of participants discussed with each other the solutions to a
problem during the inquiry-based lesson then completed the questionnaire. Participants were
instructed not to be concerned with the correct response to the questions and to write down
their thoughts in as much detail as possible.
Worksheets were included in the journal for the inquiry-based lessons and the nonroutine problems. Worksheets for the inquiry-based lessons on geometric transformations and
trigonometry can be seen in Appendix C and D, respectively. Participants were asked to write
down their methods, solutions, and ideas as they worked through the inquiry-based lessons and
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non-routine problems (Erdogan, 2015). Participant worksheets provided a data source for the
methods and strategies used to solve problems.
An interview protocol was developed by adapting elements from an interview protocol
refinement framework (IPR). According to Castillo-Montoya (2016), the IPR framework can
strengthen the reliability of an interview protocol. The IPR framework is most suitable for refining
structured and semi-structured interviews. The interview questions were developed to focus on
the research question and reflect upon the generalization taxonomy defined by Ellis (2007a).
Interview protocols for the pre-interview and post-interview can be seen in Appendix F and G,
respectively.
Participants were administered pre and post-interview before and after the non-routine
problems by a TO. The pre-interviews focused on participant thinking after the inquiry-based
lessons, and the post-interviews focused on participant thinking after the non-routine problems.
The pre-interview and post-interview were conducted the same day or the day after the inquirybased lessons and non-routine problems in one of the TO’s offices with the student pairs. The
goal of administering a ring a pre and post-interview was to gain insight into the applications of
generalizations to solving non-routine problems after developing their generalizations during
inquiry-based lessons. Participants were instructed not to be concerned with the correct
response to each interview question but to be as honest and detailed as possible. Stake (1995)
suggested that an interview is an excellent tool to obtain multiple points of view for a case by
gaining descriptions and interpretations from participants. Queirós et al. (2017) suggest
structured interview is an efficient way to clarify thoughts. A structured group interview will help
answer the research question of how students apply their generalizations to non-routine
problems by gaining insight into the participants' thinking.
Observations occurred while participants worked on non-routine problems in a small
group environment. TOs took participants to a separate empty classroom; in most cases, two
pairs of participants were in the same room but were placed in complete opposite corners to
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avoid disturbing each other. The TR did not participate in pre and post interviews to avoid any
potential conflict with his students due to duality of roles where the researcher is also the
interviewer (Allmark et al., 2009). A duality of roles between research and interviewer may result
in a blending of the roles which could place unnecessary stress on the interviewee or result in
participant bias (Allmark et al., 2009). Observations focused on participants working on the nonroutine problems and participant-to-participant interactions relevant to solving the non-routine
problems. The TOs were the only adults in the room with participants; the TR remained with the
class. TOs recorded any interactions they had with participants relevant to the non-routine
problems. Merriam (1998) notes how observations provide data representing a first-hand
encounter with the phenomenon of interest. In this research, the phenomenon of interest is the
application of generalizations to solve non-routine problems.
TOs were guided and trained through an observation protocol was developed. According
to Lapan et al. (2012), an observation protocol is used to help the TOs focus on which details
are needed to be recorded during observations of a specific phenomenon. The observation
protocol for this research provides instruction and examples on which participant-participant,
participant vocalizations, and participant-TO interactions to record and which not to record. The
observation protocol can be seen in Appendix H.
Data Collection
Data collection occurred in two stages, which followed the lesson cycle from inquirybased lessons to non-routine problems. Stage one began with the inquiry-based lesson; data for
this stage was collected through participant’s journals and ended with the administration of preinterview to gain insight into their thoughts during the inquiry-based lessons. Stage two collected
data from observations of participants while they worked in pairs solving the non-routine
problems. A post-interview was administered to gain insight into the participants’ thoughts after
they had solved the non-routine problems. Lastly, the TR collected participants' journals
completed during the inquiry-based lessons and the non-routine problems. This data collection
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strategy aimed to observe generalizations occurring through multiple points of view to
understand how generalizations are applied to non-routine problems through student actions
and vocalizations.
Participant’s journals are a written record of which actions they performed to work
through the inquiry-based lessons and the non-routine problems. The generalization taxonomy
developed by Ellis (2007a, 2007b) was designed to measure students’ actions; a written record
of the participants’ work while solving non-routine problems provided some of the data needed
to identify how generalizations are applied. Previous research by Erdogan (2015) and Miriam
and Neria (2008) used journaling to collect data, providing a written record of student work. The
TR collected participants’ journals after the inquiry-based lessons and non-routine problems.
After the inquiry-based lessons, a pre-interview will be administered to participants individually.
The TO conducted the pre-interviews which typically lasted between three to five minutes
minimizing disruption to the participants’ school day. The TO conducted the pre-interview the
same or following day after the inquiry-based lesson to ensure a stronger recollection of the
participant’s thinking and strategies. In some cases, the participants struggled to articulate in the
pre-interviews, the TO followed up with a request for elaboration on a response. Stake (1995)
suggests that an interview provides insight into a phenomenon from the participant’s point of
view. The pre-interview immediately after the inquiry-based lesson will provide insight into what
knowledge and generalizations developed from the participant’s perspective. While a formal
interview is not a standard classroom practice for the TR, questioning for thought and action
justification is part of the learning process.
All participants worked in collaborative pairs while completing the non-routine problems,
which is standard practice for the TR when working through classroom activities or tasks. A
benefit of participants working in pairs for this research was that the generalization taxonomy
(Ellis, 2007a) relies on outward behaviors and vocalizations. A vital data source was produced
when participants interacted in pairs while working on the non-routine problems.
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While working in pairs on the non-routine problems, the participants were placed in a
small-group environment, which helped provide better focus for both observations and
participants. Observations occurred in an empty classroom so that participants could work
undisturbed. Separating participants from the rest of the class also prevented interference from
overhearing other conversations and solutions with the other students in the class. It is standard
practice to divide students into small groups in different classrooms to honor IEP
accommodations.
While solving the non-routine problems, the pairs of participants were observed by one
TO in the small group setting. The first attempt at data collection attempted to place both pairs
in one room with two TOs; there were too many disturbances from participant-participant
interactions and TO-participant interactions to address this issue later observations placed one
TO with one pair of participants, after the first non-routine problem. The TOs were the only
adults in the room with the participants while the TR remained with the main class; therefore,
participant interaction with the TOs was expected. The TOs provided no knowledge regarding a
procedure or concept while participants were working on the non-routine problems, as Erdogan
(2015) suggested. TOs only provided feedback regarding correct or incorrect solutions to
participants. TOs were instructed to provide some formulas only if a participant asked for them;
for example, a participant asked for the area of a square. The student pairs were allotted 45
minutes to solve the non-routine problems.
Four TOs were trained and briefed regarding the research goal and the generalization
taxonomy (Ellis, 2007a, 2007b). TOs were instructed to record observations using Google Meet
and connect an external microphone to the secured school-provided laptop. TOs were trained
on appropriate interactions with participants such as: TOs answering clarification questions
regarding directions, TOs answering clarification questions to the non-routine problem, TOs
asking participants about an update on their progress or direction of thinking, and TOs providing
specific formulas upon request. Training clarified that at no time are the TOs to provide

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

58

information that will be helpful to participants solving the non-routine problems. TOs placed a
secured district-supplied laptop with an external mic and recorded students through Google
Meet with cameras off so that only audio was recorded as per IRB and district guidelines for
collecting data on students. Data was collected by student pairs which were separated by class
periods, there were only two student pairs class period.
The TOs were chosen based on their advanced degrees and extensive experience in
education and are former mathematics teachers. One TO has forty years of experience in
education and obtained a doctorate using a mixed-methods approach. The other three TOs
have over thirty years of experience in education and hold doctorates using a qualitative
approach. The TOs were also chosen because they were no longer classroom teachers and
had more freedom to set their schedules.
Queirós et al. (2017) states that a structured group interview is efficient and can provide
detailed information about the phenomenon of focus. The pairs of participants for each lesson
cycle were asked to engage in a structured group post-interview with an available TO after
completing the non-routine problems. The TO asked the interview questions as per the protocol
and if needed, would request that participants elaborate upon their responses. The group postinterview occurred the next day at the latest after completing the non-routine problems because
the recollection of the experience will be fresh and last from five to ten minutes. Group postinterviews were used to gain insight into how the participants applied their knowledge and
generalizations to solve the non-routine problem.
Data Analysis
A formal, thematic analysis was performed identically on all documents produced after
participants worked through the inquiry-based lessons and the non-routine problems to develop
a description of the case based on data of how students apply their generalizations to nonroutine problems. ATLAS.ti data analysis software for the Microsoft Windows platform was used
to aid the data analysis using a codebook developed using a priori codes from the
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generalization taxonomy (Ellis, 2007a) and emergent codes from inductive coding, the codes
were color-coded by group (see Table 8) which promoted ease of identification of specific codes
in data networks and Sankey diagrams. According to Roberts et al. (2019), thematic analysis is
a straightforward method of analysis for non-numerical data where themes emerge from
categories through pattern recognition.
Table 8
Codebook developed in ATLAS.ti using a priori codes and emergent codes
Group
Attribute codes

Subgroup
Action Labels

Application
Result
Type 1

Relating Objects
Relating Situations

Type 2

Type 3

Type 4

Sameness
General Principle

Type 5
Type 6

Code
●Cross multiplication
●Proportion
●Soh Cah Toa (Trig)
●A.O.H.
●Application
●Correct answer
●Incorrect answer
●Connecting back
●Creating new
●Property
●Form
●Searching for the same relationship
●Searching for the same procedure
●Searching for the same pattern
●Searching for the same solution or result
●Expanding the range of application
●Removing particulars
●Operating
●Continuing
●Continuing Phenomenon
●Common Property
●Objects or Representations
●Situations
●Rule
●Pattern
●Strategy or Procedure
●Global Rule
●Class of Objects
●Prior Idea or Strategy
●Modified Idea or Strategy

The thematic analysis was conducted in two rounds (see Figure 3) by the TR with some
portions of the data that were peer examined. In the first round, a set of a priori codes from the
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generalization taxonomy (Ellis, 2007a) was used to code all the primary documents to break up
the data into discrete portions or quotations based on subtypes located in columns 2 and 3 of
each table. The primary documents are the student journals for inquiry-based lesson and nonroutine problems, pre and post interviews, and observations reported by TOs The second round
involved axial and selective coding from the first round, placing the codes from analysis into
groups and organizing them into core emergent themes and connected with geometric habits of
mind and mathematical habits of mind when possible selective coding (Williams & Moser,
2019). The axial groups were based on the six types of generalizations from the generalization
taxonomy (Ellis, 2007b). The definitions from the six types of generalizations (Ellis, 2007a,
2007b) were linked to definitions of geometric habits of mind and mathematical habits of mind
(see Appendix A).
Figure 3
An overview of the thematic analysis
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Description of Round One of Thematic Analysis
During the first round of thematic analysis, a priori were applied to a unit of statements or
sentences. Pre-interviews were the first primary documents coded to use the participants’
perspective for the rest of the documents. For example, “General principle: Rule” was coded
when Shaw labeled the sides of a triangle because he stated that was a “rule” used when
performing trigonometry. The number of a priori codes from the generalization taxonomy (Ellis,
2007a, 2007b) were based on specificity; the less specific a quote is, the more codes applied to
that statement or sentence because some keywords in the code definitions overlap. For
example, “searching for the same relationship” is defined as a repeated action in order to detect
a stable relationship between two or more objects, while “searching for the same procedure” is
defined as a repeated action to test whether it remains valid for all cases.
The definitions in the generalization taxonomy (Ellis, 2007b) are in proximity of wording
with each other with minor differences in the results of repeated action; a statement or sentence
may fit both definitions depending on specificity. Ellis (2007a) states that the purpose of the
generalization taxonomy is to distinguish generalizations and identify the sophistication of a
generalization. Furthermore, historically specific generalizations can at times be difficult to
distinguish, and the generalization taxonomy is designed to identify levels of generalizations
from the participant’s perspective (Ellis, 2001).
An example of when participants statement lacks specificity, but the statement was still
informative occurred when Bailey stated in her transformation questionnaire that she tried to flip
the hexagon then rotate it but then “just moved it around its original position.” It’s clear that
Bailey discovered a process for solving of translating the hexagon onto itself, but the statement
is unclear if she found an appropriate strategy to solve the problem or if she applied a rule.
According to the generalization taxonomy (Ellis 2007a, 2007b) a strategy or procedure is
defined as the description of a method that works in all cases, where the statement or
identification or a rule is defined as a description of a general formula, Bailey received both
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codes due to lack of specificity in her statement. According to Ellis et al. (2017) a statement can
have a context of a group of generalizations and can have elements of multiple specific
generalizations, students applying multiple generalizations answers the research question of
what generalizations were applied.
Figure 4 shows a response from Alf receiving multiple a priori codes for one unit
of analysis. Alf's response to a question in the geometric transformations inquiry-based lesson
questionnaire was informative but not specific enough to provide a clear understanding of a
specific generalization. Alf’s response: “I just moved it to the left and then from the left I moved it
down and then moved it back,” is not clear if he sees the moving forward and back as a pattern
or strategy because he did not specify. Ellis (2007b) defines the identification or statement as a
pattern as the description of a general pattern, and a strategy or procedure as a method that
can be used in several cases. The generalization that Alf exhibited could be seen as either
recognizing a pattern or using a strategy. Coding the statement with two Type 4 codes does not
erode from answering the research question because the two codes are indicating evidence of a
generalization despite not being completely clear exactly which one.
Figure 4
An example of a quotation receiving two a priori codes due to lack of specificity

In consideration of the researcher’s constructivist paradigmatic position and this study's
interpretive/qualitative nature, inductive coding was performed parallel to deductive coding to
remain open to emerging codes. Emergent codes were created to capture the attributes of
statements coded with a priori in parallel and intersecting with a priori codes. The emergent
codes that were grouped as attribute codes, defined in Table 9, helped to distinguish when a
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generalization occurred, if the generalization is followed by a correct answer, and to distinguish
between mathematical actions.
The core of the research question is to answer how the generalizations were applied to
answer a non-routine problem. An attribution code emerged when it was observed that a
participant was using a generalization to solve a problem; that code is “application.” To answer
the research question, how do students apply generalizations to solve non-routine problems,
indications of application were searched for. When the same process that was observed in the
documents for the inquiry-based lesson was observed in the documents for the non-routine
problems, that process was labelled as an application, because it was being used to solve the
non-routine problem.
Table 9
Attribute codes by subgroup and definition
Attribute Subgroup
Action Labels

Code

Definition

●Cross Multiplication

When cross multiplication is used as part of the
problem-solving process.

●Soh.Cah.Toa.(Trig)

When trigonometry is applied to solve a
problem, either in the form of sine, cosine, or
tangent or the ratio decimal.

●A.O.H.

When the triangles are labeled Opposite,
Adjacent, and Hypotenuse.

Application

● Application

When a generalization that appears in an IBL
document appears in an NPR document as
part of the problem-solving process.

Result

●Correct Answer

The solution to a given problem is correct.

●Incorrect Answer

The solution to a given problem is incorrect.

To answer the research question how generalizations are applied to solve non-routine
problems, correct or incorrect answers can be informative, but according to Ellis (2007b), the
generalization taxonomy was designed to only identify generalizations and not to indicate
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correct or incorrect mathematical processes. If a participant is unable to find the correct answer
or presents an incorrect answer, the generalization that is attached to that circumstance may
inform why the correct answer was not achieved. The group of attribution codes defined in
Table 9 included codes for the “results” when participants found the correct answer or incorrect
answer to a problem. It is informative to the research question to understand that a correct
answer is linked to a specific generalization to inform that the generalization that was developed
helped the participant reach the correct answer.
Figure 5 is an example of attribute codes capturing the “application” of a generalization
and resulting “correct answer” in the non-routine problem Rotating Shapes Just a Little Bit
solved by Halbert and Ursa. Halbert and Ursa are observed using a process discovered during
the inquiry-based lessons to find the correct answer to the problem. Halbert and Ursa make
clear in their response what process was used to solve the problem correctly, “We used the
process of rotation, and we used a clear sheet to figure out the smallest degree.” In the
questionnaire attached to the non-routine problem, Halbert and Ursa justified the use of that
process; when they responded that they looked back at their notes and previous rotations. In
the generalization taxonomy (Ellis, 2007b) a 4g: Strategy or procedure reflection generalization
is defined as the description of a method that can be used in many cases. As a result, Halbert
and Ursa’s response was coded as an application of the previously used strategy or procedure.
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Figure 5
An Example of How a Response was Coded Using Attribute Codes “Application” and “Correct
Answer”

The generalization taxonomy (Ellis, 2007a) was not designed to distinguish
mathematical processes, its function is to determine what generalization occurred during that
mathematical process. Attribute codes intersect with a priori codes from the generalization
taxonomy (Ellis, 2007a) to help distinguish between actions, and when specific generalizations
occurred. Specifically for the trigonometry lesson cycle, the different steps that participants took
to solve for a missing part of a right triangle often received the same a priori code or appear as
the same generalization being repeated in the same problem. The group of attribution codes
included “action labels” so that coded generalizations can be distinguished by specific
mathematical actions from participants. For example, if a participant cross multiplied, that action
was labeled as such. For a multi-step problem, distinguishing the mathematical action helps
identify when a particular generalization occurred and if it was used during a non-routine
problem.
Figure 6 is an example of how participants viewed the different process of solving for the
missing part of a right triangle and attribute codes captured the different mathematical actions to
distinguish between generalizations. Ana wrote down the trigonometric ratios along with the
values that the ratios are equal to at a 60° angle. Ellis (2007b) defines 4e: Rule as a which

describes a general formula or fact, the geometric ratios as they are presented in Anna’s work
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are general formulas that work for all 60° angles in a right triangle. Due to this repetition,

attribute codes were developed to help differentiate between the different actions. In figure 10
Anna was asked to state a general rule, she responded “The placement of the hypotenuse,
opposite leg, and adjacent leg,” as a result the statement that Anna made in the pre-interview as
a coded as a rule. Every subsequent time it was observed in Anna’s work that she labeled the
legs of a triangle as one of the steps to find the missing part of a right triangle was also coded
as a 4e: Rule. When Anna applied that rule to the non-routine trigonometry problems, the
attribute code for application was applied.
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Figure 6
An Example from Anna of how Attribute Codes Were Applied to Documents in the Trigonometry
Lesson Cycle

Thelma and Anna pre-interview

Anne trigonometry IBL worksheet Discover trigonometric ratios

Anna using the trigonometric ratios to solve Problems.

Anna’s Work in the Non-Routine Problem Double Triangles
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Description of the Second Round of the Thematic Analysis
For the second round of thematic analysis, axial coding was performed by placing codes
either in an attribute group or the six different types of generalizations (Ellis 2007b). Selective
coding took the categories of axial coding a step further by developing themes from those
categories (Willams & Moser, 2019). Code-document tables, co-occurrence tables, and data
network views were utilized to create themes based on the resulting categories from axial
coding from participants’ work completed during inquiry-based lessons and non-routine
problems to determine where a generalization developed how that generalization was applied to
the non-routine problem. A category of codes does not need to appear in every document for it
to be informative but must appear in at least one document for the inquiry-based lessons and
one for the non-routine problems per participant. The less a code appears in the analyzed
primary documents, the less informative the code was. Less informative codes had a lower
frequency from a code-document analysis and have fewer connections to quotes and
documents in data network views. A detailed written description is provided for each report.
Code-Document Analysis
A code-document table is essentially a frequency table produced by ATLAS.ti. that
analyzes how often specific codes appear in each coded primary document. ATLAS.ti. codedocuments are produced in a spreadsheet (see Figure 7). The frequency of codes provided
insight into when and where a code appears and how informative it will be. The code-document
analysis reduced the number of codes because it indicated which codes appeared most often to
those that did not appear.
The code-document analysis was first performed with groups of codes (see Figure 7),
then follow-up code-document analyses were completed to determine the frequencies of
specific codes within those groups. The findings from the code-document analysis provided a
more focused co-occurrence analysis to determine which codes overlapped and were in
proximity.
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Figure 7
An example of a code-document table presenting the frequency of codes produced by ATLAS.ti

Co-Occurrence Analysis
The co-occurrence table reported how codes overlap to discover relationships between
codes associated with the same quotation. Co-occurrence allows for two concepts to be
associated by the proximity of how they appear after analysis (Contreras, 2011). Co-occurrence
can be found in ATLAS.ti by creating a data network view based on co-occurring codes or direct
co-occurrence analysis. The research question focuses on the application of generalization to
solve non-routine problems. Co-occurrence analysis is required to prove that a reflection
generalization developed in the inquiry-based lesson co-occurs with codes for application in the
non-routine problem to answer the research question.
Figure 8 shows an example of a co-occurrence Sankey graphic created in ATLAS.ti with
all codes found in the documents associated with the non-routine problem Rotating Shapes Just
a Little Bit. The example Sankey graphic shows connections with Type 2 action generalizations
and Type 4 reflection generalizations. There is also an overlapping relationship between the
emergent codes, “correct answer,” and application with Type 4 reflection generalizations in this
example. A data network was created to investigate the results of co-occurrence analysis to find
an explanation for co-occurrences. Figure 8 co-occurrence table indicates that codes such as
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Type 2 Searching for a procedure action generalizations have an overlapping relationship with
Type 4: General principle: Rule, and General principle: Strategy or procedure reflection
generalizations.
Figure 8
An example of a co-occurrence Sankey Diagram Created in ATLAS.ti.

A data network was created during the co-occurrence analysis to determine the
occurrence of codes in groups of documents. The purpose of this data network view was to
determine if the reflection generalizations that occurred in the inquiry-based lesson documents
also occurred in the non-routine problem documents. Also, to observe if the relationship
between those reflection generalizations and attribute codes found in the co-occurrence
analysis are maintained throughout the lesson cycle. Figure 9 is a simplified example of a
network view of different Type 4 reflection generalizations connected to many of the same
documents.
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Figure 9
A Simplified Example of a Data Network View Presenting a Co-occurrence

Upon the completion of selective coding, a non-numerical description of emergent
themes were written based on the findings found in the network views, frequency report, and cooccurrence report. After general themes are found and reported on, specific themes will be
searched for to discover similarities and differences between participants. Finally, those specific
themes will be connected to geometric habits of mind and mathematical habits of mind.
According to Williams and Moser (2019), thematic specificity is developed by framing the data
into themes based on a framework. Figure 7 provides an overview of the formal thematic
analysis representing the process of taking many codes and combining those codes to develop
themes based on a diagram presented by Roberts, Dowell, and Nie (2019).
The Emergence of Themes
Upon the completion of selective coding, a non-numerical description of emergent
themes was written based on the findings found in the network views, frequency report, and cooccurrence report. After general themes are found and reported on, specific themes will be
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searched for to discover similarities and differences between participants. Finally, those specific
themes will be connected to geometric habits of mind and mathematical habits of mind.
According to Williams and Moser (2019), thematic specificity is developed by framing the data
into themes based on a framework. Figure 7 provides an overview of the formal thematic
analysis representing the process of taking many codes and combining those codes to develop
themes based on a diagram presented by Roberts, Dowell, and Nie (2019).
Table 10
A summary of projects created in ATLAS.ti. (v. 9.1.7.0) with added documents
Project Name

NRP Rotating Shapes

NRP Transformation Golf

NRP Area and Perimeter

NRP Double Triangles

NRP Proving Triangles Right

Participant Completed
Inquiry-Based Lesson
Documents Added to the
Project
Geometric transformations
inquiry-based lesson
documents
(Appendix C)
Geometric transformations
inquiry-based lesson
documents
(Appendix C)
Trigonometry inquiry-based
lesson documents
(Appendix D)
Trigonometry inquiry-based
lesson documents
(Appendix D)
Trigonometry inquiry-based
lesson documents
(Appendix D)

Participant Completed NonRoutine Problem Documents
Added to the Project
Rotating Shapes Just a Little
Bit non-routine problem
documents
(Appendix E)
Transformation Golf Bit nonroutine problem screen
shots
(Appendix E)
Area and Perimeter nonroutine problem documents
(Appendix F)
Double Triangles nonroutine problem documents
(Appendix F)
Proving Triangles Right nonroutine problem documents
(Appendix F)

Quality of the Research
Three triangulation protocols were used to ensure trustworthiness: investigator
triangulation, member checking, and peer examination. It is critical in educational inquiry that
other researchers and readers have confidence in the conduct of this investigation and in the
results of this study (Merriam, 1998). This research aims to provide insight into how to promote
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generalizations and how teachers can be cognizant that those generalizations are occurring. An
educator should not be expected to attempt and adopt these practices without seeing efficacy in
the results. Using multiple sources of data and various methods to confirm emerging findings
were used to establish validity (Merriam, 1998), to reduce researcher bias, and provide
evidence that this research is measuring the phenomena that are the focus of this study. Validity
was established through transferability, allowing the information in this research to be applied in
other situations (Merriam, 1998).
Promoting study transferability allows for information derived in this study to be more
generalizable or used by another study (Merriam, 1998). Holistic descriptions have facilitated
transferability where readers can determine how closely their situations match the situations
presented in this research (Merriam, 1998). Merriam (1998) states that typicality allows readers
to assess whether the situation is synonymous with their own. In order to promote
generalizability and transferability, descriptions have been provided of the setting, curricula, and
program occurring in this research. For example, this research took place in a high school
geometry classroom using the Georgia Standards of Excellence, the curriculum used by the
typical public school in the state of Georgia. The standards covered in this research are also
part of the Common Core curriculum (Common Core State Standards for Mathematics, 2010;
Georgia Department of Education, 2016).
While conducting this research, TR kept a researcher’s journal. The researcher’s journal was
used to keep a log of events while conducting the research as a reference. Examples of what
was recorded in the journal include instances of codes not covering portions of the data or
portions of the data that are outside of the codes but still relevant to the research question.
Patterns or themes that the TR found relevant to the study were recorded along with any
general occurrence relevant to the study.
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Investigator Triangulation Using Multiple Observers
According to Stake (1995), multiple observers looking at the same phenomena provide
more substantial evidence that the phenomena occurred. While the participants were working
on non-routine problems, two observers in the room collected field notes and recorded which
actions and student-to-student conversations they observed. Data from observations provide a
first-hand encounter with observed behaviors (Merriam, 1998).
Member Checking
In member checking, the participants examined a draft of the data after data collection
on the participant has been completed (Stake, 1995); member checking promotes reliability of
the data by confirming that the results are plausible (Merriam, 1998). Participants were
permitted to provide feedback to either context or clarify what was recorded (Stake, 1995).
Documents were organized, analyzed, and annotated before allowing the participants to
review them. The document annotations provided explanations in easy-to-understand language
for the coding process so that participants could easily interpret the preliminary results. This
process intends for the participants to clarify if the data analysis accurately presents the mental
acts and strategies used while solving the non-routine problems.
Participants were given the opportunity to ask questions, provide any clarifications they
felt were needed, or contest the data after being presented with preliminary findings. If
preliminary findings were contested or a participant felt that their work on the non-routine
problem was not represented correctly, that participant was asked to clarify that viewpoint. All
data relevant to the participant was reviewed and discussed to find the discrepancies. Any
discrepancies that the participant pointed to were reported; if the discrepancies were extensive
and found among several participants, the technique for analysis would have been re-evaluated.
Participants were presented with annotated documents for the non-routine problem
Rotating Shapes Just a Little Bit. The participants were given a moment to review the annotated
documents, and they agreed with the preliminary results. There were no contradictions or issues
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found with the preliminary results. Participants did indicate that communicating their thoughts
was difficult due to being out of practice. Participants indicated that school closures and reduced
schooling from the previous academic year due to COVID protocols left them out of practice
with articulating written thought and expression, thus hindering the quality of their responses to
the questionnaires in the journals for both the inquiry-based lessons and the non-routine
problem.
Peer Examination
According to Merriam (1998), promoting reliability by using a colleague to comment on
the findings as they emerge will help promote a holistic understanding. The peer examiner (PE)
is a former co-teacher who has aided in the interpretation of how the characteristics of the
generalization taxonomy (Ellis, 2007a, 2007b) for geometry and has been a part of the
development of many of the inquiry-based lessons and non-routine problems. Richards and
Hemphill (2018) recommended that peer examination occurs throughout the research process
to maintain trustworthiness, including data analysis. Due to practicality and time constraints, not
every document can be peer examined; the TR chose a totality of documents from one pair of
participants to create a baseline on further analysis of documents from the rest of the
participants. Peer examination occurred for every non-routine problem cycle.
The TR and PE co-coded in parallel as part of the peer examination process. Co-coding
took place during the first round of coding, using both a priori codes and inductive coding. Cocoding took place simultaneously for one pair of participants to aid in identifying general and
specific themes; the discussions that entailed collaborative coding helped ensure
trustworthiness (Richards & Hemphill, 2018).
Both TR and PE performed an analysis of the chosen documents from the non-routine
problem Rotating Shapes Just a Little Bit. The TR and PE discussed each code found in the
documents selected for peer examination. Explicit statements that indicated a code did not
require much discussion, but the more general statements or sentences found required deeper
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exploration into proper coding. The TR and PE deliberated on codes until an agreement was
found; at times, a general statement provided two codes, while other times, a consensus was
found on what code needed to be assigned to a quotation. In some instances, if a statement or
a step in the process to solve a problem was not informative or too ambiguous then it was not
coded. Due to issues with the quality of some documents, TR and PE discussed and
acknowledged that some documents were not informative to the research question.
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Chapter 4: Findings
The findings were structured in order of reflection generalizations and action
generalizations (Ellis, 2007a) to answer the research question of what generalizations students
applied to solve non-routine problems. Through their responses to the problems in the inquirybased lesson and non-routine problems the student pairs presented evidence of the general
principles of 4e: Rules, 4f: Patterns, and 4g: Strategies or procedures in the geometric
transformations and trigonometry lesson cycles. The thematic analysis also found evidence that
students exhibited the action generalizations of 1c: Relating properties between objects and
searching for the same 2a: Relationships, 2b: Procedures, and 2c: Patterns. Figure 10
summarizes the themes supporting the answer to the research question.
Figure 10
Themes Supporting the Answer to the Research Question of What Generalizations Were
Applied by Students to Solve Non-Routine Problems
Answer to Research Question:

Geometric Transformation Lesson Cycle

Students demonstrated Type 4 (Identification or statement: General principle) reflection
generalizations to successfully solve the non-routine problems successfully.
Theme 1

Evidence 1.1: Type 4 (General principle of strategies or procedures)
Evidence 1.2: Type 4 (General principle of rules)
Evidence 1.3: Type 4 (General principle of patterns)

Theme 1b: Students demonstrated Type 1 (Relating) and Type 2 (Searching) action generalizations
which are associated with the conclusion of Type 4 (General principle) reflection generalizations.
Theme 2

Trigonometry Lesson Cycle
Evidence 2.1: Type 4 (General principle of rules)
Evidence 2.2: Type 4 (General principle of patterns).
Evidence 2.3: Type 4 (General principle of strategies or procedures)
Evidence 2.4: Type 6 (prior idea or strategy)

Theme 2b: Students demonstrated Type 2 (Searching) action generalizations which are associated
with the conclusion of Type 4 (General principle) and Type 6 (Influence) reflection generalizations.
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Findings from the code-document analysis provided evidence of students generalizing
and evidence of results, mathematical actions, and application. Results from the code-document
analysis provided frequencies of a priori codes and attribute codes in the documents belonging
to student pairs. All frequencies of a priori codes were interpreted as evidence of
generalizations, and frequencies of attribute codes were interpreted as evidence of
mathematical actions and application of generalizations correctly or incorrectly. There was no
minimum of frequencies to determine that an event happened. The results of the codedocument analysis were then the focus of a co-occurrence analysis which determined an
association between generalizations and attribute codes to determine which generalizations
were applied with what result.
Findings from the co-occurrence analysis reported the events that occurred in
documents and the number of student pairs in which those events were found. Any cooccurrence that was found from a pair of students was interpreted as evidence of an application
of a generalization or an action generalization having an overlapping relationship with a
reflection generalization. The coefficient from the co-occurrence analysis conducted in ATLAS.ti
helped to determine the strength of the relationship and which generalizations were the focus of
emergent themes. There was no minimum set for co-occurrence events; if the co-occurrence
occurred relatively rarely, the focus of the findings was on those students and those specific
events. Co-occurrence events that occurred in the majority of student pairs focused on the
findings in general terms but were supported by specific evidence.
The answer to the research questions emerged from the code-document analyses that
showed frequencies of a priori codes and attribute codes and then co-occurrence between a
priori codes and attribute codes. First, in the geometric transformation lesson cycle, students
demonstrated Type 4: General principle reflection generalizations and then applied them to the
non-routine problems Rotating Shapes Just a Little Bit and Transformation Golf. Second, in the
trigonometry lesson cycle, students demonstrated the same type 4: General principle, and also
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6a: Prior idea or strategy reflection generalizations to solve the non-routine problems Area and
Perimeter, Double Triangles, and Proving Triangles Right. Evidence that supported the answer
to the research question was that students demonstrated general principles of 4e: Rules, 4f:
Patterns, and 4g: Strategies or procedures.
The thematic analysis showed mostly uniform findings in both the geometric
transformations and trigonometry lesson cycles with some differences. Figure 11 illustrates a
Venn Diagram of the similarity and differences in the findings. Both lesson cycles showed that
students demonstrated the general principles of 4e: Rule, 4f: Pattern, and 4g: Strategy or
procedure through the code-document and co-occurrence analyses found evidence of the
application of those generalizations to solve the respective non-routine problems successfully.
There was also evidence of the action generalizations of searching for a 2a: relationship, 2b:
procedures, and 2c: pattern in both lesson cycles.
Figure 11
A Venn Diagram Comparing the Similarities and Differences Between the Geometric
Transformations and Trigonometry Lesson Cycles

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

80

There were also differences in the association of action generalizations with reflection
generalizations that were applied in solving the non-routine problems between the geometric
transformations and trigonometry lesson cycles. Students who worked through the trigonometry
lesson cycle reported searching for the procedures and concluded with procedures, patterns, or
rules used to solve Area and Perimeter, Double Triangles, and Proving Triangles Right. In the
geometric transformations lesson cycle, students concluded with reflection generalizations for
procedures, patterns, or rules, but those students exhibited more relating.
Students did not demonstrate Type 3: Extending action generalizations and Type 5:
Definition reflection generalizations in either of the lesson cycles. Students did not show
evidence or report expanding the range of applicability, removing particulars, operating, or
continuing in their worksheets, questionnaires, or interviews for both lesson cycles. While
students show an understanding and use of vocabulary, there is no evidence to suggest that
students demonstrated the definitions of a class of objects that can be applied in myriad cases
(Ellis, 2007b).
All Student Pairs Presented Evidence of Type 4 and Type 6 Reflection Generalizations
For both the geometric transformation and trigonometry lesson cycles, all student pairs
demonstrated Type 4: General principle reflection generalizations. Reflection generalizations
are defined as a conclusive statement of a generalization that can then be applied (Ellis,
2007a). In the trigonometry lesson cycle, all of the student pairs exhibited Type 6: influence
reflection generalizations when all of the student pairs reported having prior knowledge of cross
multiplication and applied that process to solve for the missing part of a right triangle. Table 11
is a summary of the code-document analysis indicating the frequencies of Type 4 and Type 6
reflection generalization demonstrated by students in the inquiry-based Lesson and the nonroutine problems for both the geometric transformations and trigonometry lesson cycles. The
frequencies of the code document analysis (see Table 11) were derived from the primary
documents of student journals from the inquiry-based lessons, pre and post-interviews, and the
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observations. The entire co-document analysis can be viewed in Appendix L for the geometric
transformations lesson cycle and Appendix O for the trigonometry lesson cycle.
Table 11
Code-Document Analysis of Reflection Generalizations for the Geometric Transformation and
Trigonometry Lesson Cycle by Four Student Pairs (n) In Each Lesson Cycle and Frequency (f)
(4e)
● Rule
(f=frequency

(4f)
● Pattern
(f=frequency)

(4g)
● Strategy
or Procedure
(f=frequency

(n)
(f)
(n)
(f)
(n)
IBL
3
15
4
21
4
Geometric
(75%)
(100%)
(100%)
Transformation
(n=4)
NRP
3
7
2
4
4
Rotating Shapes
(75%)
(50%)
(100%)
Just a Little bit
(n=4)
NRP
3
7
3
6
4
Transformation
(75%)
(75%)
(100%)
Golf
(n=4)
IBL
4
57
2
26
3
Trigonometry
(100%)
(50%)
(75%)
(n=4)
NRP
4
17
2
9
2
Area and
(100%)
(50%)
(50%)
Perimeter
(n=4)
NRP
3
34
2
25
2
Double Triangles
(100%)
(67%)
(67%)
(n=3)
NRP
4
32
2
29
2
Proving
(100%)
(50%)
(50%)
Triangles Right
(n=4)
* Inquiry-Based Lesson = IBL, Non-Routine Problem = NRP

(6a)
● Prior Idea or
Strategy
(f=frequency)

(f)
30

(n)
0

(f)
0

20

0

0

52

0

0

38

4
(100%)

62

9

4
(100%)

9

12

4
(100%)

27

13

4
(100%)

12

For the geometric transformations lesson cycle, all student pairs demonstrated 4g:
Strategy or procedure when performing transformations in the inquiry-based Lesson and the
non-routine problems Rotating Shapes Just a Little Bit and Transformations Golf (see Table 11).
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All student pairs exhibited 4e: Rule reflection generalization (see Table 11) in the trigonometry
lesson cycle for both the inquiry-based Lesson and the non-routine problems Area and
Perimeter, Double Triangles, and Proving Triangles Right. The code-document analysis
indicated what generalizations occurred among the student pairs and within the specific inquirybased Lesson and non-routine problem documents. Evidence was provided by the codedocument analyses supporting the themes that students applied Type 4: General Principle and
Type 6: Influence reflection generalizations to solve the non-routine problems.
Figure 12
An Example of a Student Pair Exhibit Evidence of 4g: Strategy or Procedure in the Geometric
Transformations Lesson Cycle
Alf’s Transformation IBL Questionnaire

Alf’s Translation and Reflection Worksheet

Bailey’s Transformation IBL Questionnaire

Bailey’s Translation and Reflection Worksheet
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Student pairs demonstrated 4g: Strategy or procedure in geometric transformations,
often through their description of a process. For example, the student pair Alf and Bailey both
described procedures for translating a hexagon back onto itself. Bailey clearly states that she “I
just moved the hexagon over once to the right, then I moved it up, and then back into its original
place,” indicating a series of steps or a procedure that were repeated multiple times throughout
the translation and reflection worksheet (Figure 12). Alf is less specific in his explanation of “I
just moved it to the left and then from the left I moved it down and then moved it back,”
suggesting that Alf either found a procedure or a pattern for translating the hexagon away then
back to its original position. 4g: Strategy or procedure reflection generalization is defined as
“The description of a method extending beyond a specific case” (Ellis, 2007b).
Figure 13
An Example of a Student Pair Exhibit Evidence of 4e: Rule in the Trigonometry Lesson Cycle
Anna and Thelma’s Pre-Interview for the Trigonometry Lesson Cycle

Anna’s Solving Triangles Using Ratios Worksheet

Anna and Thelma’s Non-Routine Problem Area and Perimeter
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All student pairs indicated evidence of the reflection generalization 4e: Rule in the
trigonometry lesson cycle. In the trigonometry lesson cycle, students clearly stated what steps in
solving for the missing part of a right triangle were rules, patterns, or procedures. Figure 13
presents the reflection generalization of 4e: Rule that Anna and Thelma demonstrated in the
inquiry-based Lesson and non-routine problem documents. Anna and Thelma, in their preinterview, stated that the labeling of the legs of a right triangle was viewed as a rule by the
student pair thusly when students labeled the legs of a right triangle opposite, adjacent, and
hypotenuse, it was coded as 4e: Rule. The definition of a reflection generalization of the general
principle of a 4e: Rule is “The description of general formula or fact” (Ellis, 2007b).
Reflection Generalizations 4f: Pattern and 6a: Prior Idea or Strategy
In the geometric transformation cycle students that demonstrated evidence of 4f: Pattern
often described a pattern in their journals, while in the transformation lesson cycles students
often defined specific steps in the problem-solving process as use of a pattern. The reflection
generalization of stating or identifying a 4f: Pattern is defined as “The identification of a general
pattern,” and the definition of a rule is “The description of general formula or fact” (Ellis, 2007b).
Barnaby stated in his translations and reflections journal, that the line of the reflection “…in the
middle of the reflection.” In his translation and reflection journal, Oswald recognized that the line
of reflection “…is in the middle of two points,” adding further detail to the pattern that the student
pair of Barnaby and Oswald recognized.
An example of the demonstration of a 4f: Pattern in the trigonometry lesson cycle
occurred when the student pair Guy and Marty stated that the labelling of the legs of a triangle
were viewed as a pattern “how you find the adjacent, hypotenuse, and opposite leg.” The
student pair Guy and Marty viewed the labelling of a legs of the triangle as a pattern as a result
when Guy and Marty labeled the legs of the triangle “O, A, and H” it was coded as 4f: Pattern,
as opposed to the student pair Anna and Thelma who viewed the process as 4e: Rule. The
majority of students viewed the application of the trigonometric ratios of sine, cosine, and
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tangent as a pattern. When the student pair Earl and Wayne were asked about a pattern that
was applied repeatedly, they responded, “using tan, cos, and sine.”
All the student pairs demonstrated 6a: Prior idea or strategy which supported the answer
to the research question that students applied Type 4: General principle and Type 6: Influence
reflection generalizations to solve the non-routine problems in the trigonometry lesson cycle. All
students reported that the process of cross multiplication was a strategy that was already known
to them prior to working through the trigonometry inquiry-based Lesson. Polly and Shaw state in
their pre-interview (Figure 14) that they had previous knowledge of cross multiplication, “cross
multiplication, it has been there since the beginning of geometry, so I always look for cross
multiplication in the work you give.” There are fewer indicators of 6a: Prior idea or strategy
reflection generalizations for the non-routine problem Proving Triangles Right most likely
because that problem required students to find the angles of a right triangle which does not
require cross-multiplication. The indicators that appear are students testing the correctness of
the angles or the first attempts to solve the problem. The student pairs consistently recognized
that cross multiplication was a process that can be used for the missing part of a right triangle,
and it was found in every document in the trigonometry lesson cycle.
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Figure 14
An Example of Polly and Shaw Applied Cross Multiplication Which Was a 6a: Prior Idea or
Strategy to Solving for the Missing Side of a Right Triangles in the Trigonometry Lesson Cycle

Polly and Shaw Pre-Interview

Shaw Using Cross Multiplication in Solving Triangles Using Ratios IBL Worksheet

Polly and Shaw NRP Double Triangles

Student Pairs Exhibited Type 1 and Type 2 Action Generalizations
All the student pairs demonstrated type 2: searching action generalizations in the
geometric transformations and trigonometry inquiry-based lessons. Action generalizations,
defined as the mental acts students appeared to employ in an attempt to generalize (Ellis,
2007a) were only found in the inquiry-based lessons. Specifically, all student pairs exhibited
searching for the same 2b: Procedure and 2c: Pattern in the trigonometry inquiry-based lesson.
Two student pairs showed evidence of the action generalization of searching for 2b: Procedure
and 2c: Pattern, and one pair showed evidence of searching for the same 2a: Relationship in
the geometric transformations lesson cycle. Table 12 is a summary of the action generalizations
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found in the code-document analyses for the geometric transformations and trigonometry lesson
cycles.
Table 12
Code-Document Analysis of Action Generalizations for the Geometric Transformation and
Trigonometry Lesson Cycle by Four Student Pairs (n) In Each Lesson Cycle and Frequency (f)

(1c)
● Relating
Objects:
Property
(n)
(f)

IBL:
Geometric
1
Transformations (25%)
IBL:
Trigonometry

0

(2a)
● Searching for
the Same
Relationship
(n)
(f)

(2b)
● Searching
for the Same
Procedure
(n)
(f)

(2c)
● Searching for
the Same
Pattern
(n)
(f)

3

0

0

2
(50%)

7

2
(50%)

2

0

1
(25%)

1

4
(100%)

8

4
(100%)

7

* Inquiry-Based Lesson = IBL
In the trigonometry lesson cycle, students showed evidence of searching for a procedure
when there was an attempt to find the missing part of a right triangle using cross multiplication.
In figure 13, Shaw used cross multiplication to solve for the missing part of the right triangle.
Shaw used several different proportions before settling on a final setup that he used throughout
the rest of the problems. It was unclear if Shaw was searching for a procedure to set up the
proportions correctly or a pattern that he could repeatedly apply to find the missing part of the
right triangle. As a result, the instance was coded 2b: Procedure and 2c: Pattern (see Figure
13).
Examples of the action generalizations of searching for the same procedure in the
geometric transformation lesson cycle are demonstrated through the statements that students
made regarding their process to transform an object correctly. Ivory stated in her pre-interview
for the geometric transformations lesson cycle that she “tried to find the smallest way to rotate,”
which is a statement indicative of searching for a procedure. Bailey stated in her geometric
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transformations questionnaire that she searched for a procedure when she “at first rotated and
flipped the hexagon.” In some instances, it was unclear whether a student was searching for a
2b: Procedure or 2c: Pattern when students made less specific statements. Halbert made a
statement in his transformations and reflections journal that he “used a ruler to make the
reflected line straight and in the middle,” which is unclear if Halbert viewed using a ruler to make
a line of reflection as a search for a procedure or a pattern.
The one indication of the action generalization of searching for a 2a: Relationship was
found in the post-interview with Anna and Thelma for the non-routine problem Area and
Perimeter. In the non-routine problem Area and Perimeter, the student pairs were asked to find
the area and perimeter of a trapezoid; all of the student pairs completed the problem by splitting
the trapezoid into a rectangle and a right triangle (see Figure 12). When asked what was
applied that was learned in the trigonometry lesson, Anna replied, “We had to break up the
shape into a triangle, and there was a right angle,” which Thelma elaborated that “we had to
make a right angle.” Suggesting that the student pair Anna and Thelma searched for a
relationship between the trapezoid and a right triangle.
Type 1: Relating Properties of Objects Action Generalization
The student pair Alf and Bailey were the only pair to demonstrate evidence of the action
generalization of relating objects by 1c: Properties, which is defined as the association of
objects by focusing on their similar properties (Ellis, 2007b). The instances of the action
generalizations of relating objects was found in Bailey’s rotations journal when she described
the properties of rotating an object around the origin and around a point away from the origin.
Bailey stated the differences and similarities of rotating an object around the origin and around a
point away from the origin based on the properties, “it’s difference because it around the origin it
end up in a different spot than if it’s rotated around (3, -5).” Bailey also stated that the shape
maintained the same orientation regardless of being rotated around a point or the origin.
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The Co-Occurrences Between Reflection Generalizations and Attribute Codes
A co-occurrence analysis was performed between the Type 4 and Type 6 reflection
generalizations and attribute codes to answer the research question of what generalizations
were applied by students to solve the non-routine problems. Attribute codes emerged through
inductive coding and distinguished when a generalization was applied and if that application is
associated with a correct or incorrect answer to the problem for the geometric transformations
and trigonometry lesson cycles. The attribute codes for the trigonometry lesson cycle emerged
to distinguish between mathematical actions, results, and if a generalization was applied. The
definitions for the attribute codes can be found in Table 9. The entire co-occurrence analysis
can be viewed in Appendix N for the geometric transformations lesson cycle and Appendix Q for
the trigonometry lesson cycle.
The code-document analysis for attribute codes found that all of the student pairs
applied generalizations and found the correct answers. There was no evidence of the attribute
code for application in the inquiry-based lessons for geometric transformations and trigonometry
because the definition of application was the appearance of a generalization in the non-routine
problem as part of the problem-solving process. Table 13 summarizes the code-document
analysis of the attribute codes in the geometric transformations and trigonometry lesson cycles.
The co-occurrence analysis provided evidence of the association between attribute codes and
the Type 4 and Type 6 reflection generalizations to determine which reflection generalizations
were applied and associated with the correct answers and mathematical process.
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Table 13
Code-Document Analysis of Attribute Codes for the Geometric Transformation and
Trigonometry Lesson Cycle by Four Student Pairs (n) In Each Lesson Cycle and Frequency (f)
●
Application

●
Correct
Answer

●
Incorrect
Answer

(n)
(f)
(n)
(f)
(n)
IBL
Geometric
4
3
0
0
38
Transformation
(100%)
(75%)
(n=4)
NRP
Rotating
4
4
2
Shapes Just a
17
11
(100%)
(100%)
(50%)
Little bit
(n=4)
NRP
Transformation
4
4
3
45
20
Golf
(100%)
(100%)
(75%)
(n=4)
IBL
4
Trigonometry
0
0
45
0
(100%)
(n=4)
NRP
Area and
4
4
40
14
0
Perimeter
(100%)
(100%)
(n=4)
NRP
Double
3
3
39
27
0
Triangles
(100%)
(100%)
(n=3)
NRP
Proving
4
3
59
12
0
Triangles Right (100%)
(100%)
(n=4)
* Inquiry-Based Lesson = IBL, Non-Routine Problem = NRP

(f)

●
A,H,O
Triangle
Labels
(n)
(f)

●
Cross
Multiplication

●
Soh Cah
Toa (Trig)

(n)

(f)

(n)

(f)

6

0

0

0

0

0

0

6

0

0

0

0

0

0

5

0

0

0

0

0

0

0

4
(100%)

32

4
(100%)

59

4
(100%)

62

0

4
(100%)

9

4
(100%)

8

4
(100%)

23

0

3
(100%)

14

3
(100%)

27

3
(100%)

42

0

4
(100%)

11

3
(75%)

4
(100%)

46

11

The co-occurrence analysis for the geometric transformation lesson cycle suggested that
students correctly solved the non-routine problems Rotating Shapes Just a Little Bit and
Transformation Golf by applying Type 4: General principles. The co-occurrence analysis
showed a co-occurrence event (cooc=n) of proximity with the 4e: Rule, 4f: Pattern, and 4g:
Strategy or procedure with the attribute codes for application and correct answer. For the nonroutine problem Area and Perimeter, 75% of student pairs showed a co-occurrence between
application (cooc=11) and correct answer (cooc=14) with 4f: Strategies or procedures. In the
non-routine problem, Transformation Golf, 100% of student pairs showed a co-occurrence
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between application (cooc=49) and correct answer (cooc=18). The findings from the cooccurrence analysis summaries in Table 14 indicate that almost all student pairs applied the
reflection generalization of the general principle of strategies or procedures to correctly solve
the non-routine problems in the geometric transformations lesson cycle.
Table 14
Co-Occurrence Analysis Between Attribute Codes and Type 4 Reflection Generalizations by
Events in Documents and Student Pairs for the Geometric Transformations Lesson Cycle

Attribute:
● Application
Attribute:
Result:
● Correct
Answer
Attribute:
Result:
●Incorrect
Answer

(4e)
(4f)
(4g)
● Rule
● Pattern
● Strategy or procedures
Co-occurrence
Co-occurrence
Co-occurrence
Student
Student
Student
events
events
events
Pairs
Pairs
Pairs
(cooc=n)
(cooc=n)
(cooc=n)
NRP Rotating Shapes Just a Little Bit (Student Pairs n=4)
1
1
3
6
2
11
(25%)
(25%)
(75%)
11

2
(50)%

10

2
(50%)

14

3
(75%)

0

0

0

0

0

0

49

4
(100%)

18

4
(100%)

0

0

NRP Transformation Golf (Student Pairs n=4)
Attribute:
1
1
7
4
● Application
(25%)
(25%)
Attribute:
1
1
Result:
8
9
(25%)
(25%)
● Correct
Answer
Attribute:
1
1
Result:
1
2
(25%)
(25%)
●Incorrect
Answer
* Non-Routine Problem = NRP

Evidence was found showing that students applied 4e: Rule and 4f: Pattern to solving
the non-routine problems in the geometric transformations lesson cycle through an association
of co-occurrence between a priori and attribute codes. The co-occurrence analysis, summarized
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in Table 15, presents evidence that 25% of student pairs exhibited a co-occurrence between
application with 4e: Rules and 4f: Pattern in the non-routine problem Rotating Shapes Just a
Little Bit and Transformation Golf. The attribute code for correct answer co-occurred with 4e:
Rule and 4f: Pattern in 50% of student pairs with Rotating Shapes Just a Little Bit and 25% of
student pairs in Transformation Golf. The co-occurrence events between attribute codes for 4e:
Rule and 4f: Pattern are lower and are exhibited in fewer student pairs when compared to the
4g: Strategy or procedure, but still presented evidence that the reflection generalizations were
applied to solving the non-routine problems in the geometric transformations lesson cycle. The
evidence of co-occurrence supports that students demonstrated the recognition of strategies,
rules, and patterns during the inquiry-based lessons for geometric transformations and then
applied those generalizations to solve the non-routine problems successfully.
An example illustrating how students applied 4g: Strategies or procedures from the
inquiry-based lesson to solve the non-routine problems, can be viewed in student work by
Estelle, where she demonstrated the application of 4g: Strategy or procedure reflection
generalizations to find the correct answers in the inquiry-based lesson and non-routine problem
documents. Figure 15 presents how Estelle exhibited the general principle of a strategy or
procedure in the inquiry-based lesson documents and then in the non-routine problem
documents with the co-occurrence of attribute codes for correct answer and application. Estelle
found a procedure for rotating shapes around the origin and around a specific point. The 4g
reflection generalization appears in both the inquiry-based lesson document for rotations and
the non-routine problem document for Rotating Shapes Just a Little Bit, which are part of the
geometric transformations lesson cycle. Estelle used the same procedure for rotating the
shapes in the inquiry-based lesson document as she did in the non-routine problem document.
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Figure 15
An Example of the Application of Type 4 Strategy or Procedure Reflection Generalizations
Because it Appeared in Translations and Reflection Inquiry-Based Lesson Documents and the
Non-Routine Problem Transformation Golf

Estelle Rotations Inquiry-Based Lesson Worksheet

Estelle Non-Routine Problem Rotating Shapes Just a Little Bit

In this example, Barnaby and Oswald applied the general principle of 4e: Rules and 4f:
Patterns from the inquiry-based lesson to solve the non-routine problems Transformation Golf
correctly. Figure 16 is an example of work from Barnaby and Oswald of how the general
principles of 4e: Rules and 4f: Patterns exhibited in inquiry-based lessons for geometric
transformations, then were applied in the non-routine problem Transformation Golf. Oswald and
Barnaby demonstrated that reflecting an object is the recognition of a pattern and a rule in their
work in the translations and reflections inquiry-based lesson. Barnaby and Oswald’s work can
be seen coded with “general principle: rule” and “general principle: pattern” and the appearance
of attribute codes “correct answer” and “application.
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Figure 16
An Example of the Application of Type 4 Strategy or Procedure Reflection Generalizations
Because it Appeared in Translations and Reflection Inquiry-Based Lesson Documents and the
Non-Routine Problem Transformation Golf
Barnaby Translations and Reflections Worksheet

Oswald Translations and Reflections Worksheet

Barnaby and Oswald NRP Transformation Golf

The findings from the co-occurrence analysis between specific attribute codes and
specific Type 4: General principle and Type 6: Influence reflection generalizations in the
trigonometry lesson cycle. According to students, the co-occurrence analysis found that most
students reported labeling the sides of a right triangle opposite, adjacent, hypotenuse as a rule.
For example, in the pre-interview with Guy and Marty, Marty stated that “how you find the
adjacent, hypotenuse, and opposite leg” is a 4f: Pattern that they found about the topic of
trigonometry. The majority of students viewed the trigonometric ratios of sine, cosine, and
tangent as a strategy or procedure and a pattern according to the co-occurrence analysis. Cooccurrence is an analysis of relationships that are intersecting, overlapping, or in proximity; the
co-occurrence analysis found that the different steps for solving for a missing part of a right
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triangle were in proximity of each other and that all student pairs used those steps to solve the
non-routine problems Area and Perimeter, Double Triangles, and Proving Triangles Right
successfully (see Table 15).
Table 15
Co-Occurrence Analysis Between Attribute Codes and Type 4 and Type 6 Reflection
Generalizations by Events in Documents and Student Pairs for the Trigonometry Lesson Cycle
(4e)
● Rule
Cooccurrence
Event
●Application

23

●Correct Answer

10

●A, H, O Triangle
Labels
●Cross
Multiplication
●Soh Cah Toa
(Trig)

44

●Application

39

●Correct Answer

10

●A, H, O Triangle
Labels
●Cross
Multiplication
●Soh Cah Toa
(Trig)

48

●Application

34

●Correct Answer

10

●A, H, O Triangle
Labels
●Cross
Multiplication
●Soh Cah Toa
(Trig)

47

16
31

27
53

13
49

* Non-Routine Problem = NRP

(4f)
● Pattern

(4g)
● Strategy or Procedure

CoCoStudent
occurrence
occurrence
Pairs
Event
Event
NRP Area and Perimeter (Student Pairs n=4)
4
16
3
15
(100%)
(75%)
3
11
3
25
(75%)
(75%)
4
4
2
1
(100%)
(50%)
4
12
3
37
(100%)
(75%)
2
41
2
49
(50%)
(50%)
NRP Double Triangles (Student Pairs n=3)
3
38
2
8
(100%)
(67%)
3
11
2
23
(100%)
(67%)
3
9
2
1
(100%)
(67%)
2
19
2
35
(67%)
(67%)
2
59
2
43
(67%)
(67%)
34NRP Proving Triangles Right (Student Pairs n=4)
4
32
2
20
(100%)
(50%)
3
8
2
26
(75%)
(50%)
4
4
4
2
(100%)
(100%)
4
8
1
37
(100%)
(25%)
4
60
2
53
(100%)
(50%)
Student
Pairs

Student
Pairs

(6a)
● Prior Idea or Strategy
Cooccurrence
Event

2
(50%)
3
(75%)
1
(25%)
4
(100%)
4
(100%)

19

1
(33%)
2
(67%)
1
(33%)
2
(67%)
2
(67%)

26

2
(50%)
3
(75%)
2
(50%)
3
(75%)
3
(75%)

15

Student
Pairs

44
2
72
46

50
2
88
56

44
3
79
38

4
(100%)
4
(100%)
2
(50%)
4
(100%)
4
(100%)
3
(100%)
3
(100%)
1
(33%)
3
(100%)
3
(100%)
3
(75%)
4
(100%)
2
(50%)
4
(100%)
4
(100%)

The findings from the co-occurrence analysis between attribute codes and a priori codes
found that frequencies of specific Type 4: General principle and Type 6: Influence codes are
likely due to how the students reported their recognition of the different steps to solve for a
missing part of a right triangle in their inquiry-based lesson questionnaires and pre-interviews.
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The co-occurrence between the attribute codes for labeling triangles, cross multiplication, and
trigonometric ratios provided evidence of how participants generalized those actions (see Figure
17). In the pre-interviews, all the student pairs stated that they had prior knowledge of cross
multiplication, which resulted in cross multiplication being coded as 6a: Prior idea or strategy.
For example, in the pre-interview with Guy and Marty, Marty responded to the question
regarding a generalization that was already known as “cross multiplying.” The strongest cooccurrence between correct answers was 6a: Prior idea or strategy, likely because cross
multiplication was the last step in the trigonometry problem-solving process and was often in
proximity to the correct answer.
Figure 17
The Count from the Co-Occurrence Analysis Performed in ATLAS.ti with Co-efficient between
Attribute Codes, Type 4, and Type 6 Reflection Generalizations
(4e)
● Rule

(4f)
● Pattern

(4g)
● Strategy or
Procedure

(6a)
● Prior Idea or
Strategy

NRP Area and Perimeter
15 (18%)
23(23%)
16 (21%)
19 (17%)
10 (8%)
11 (11%)
22 (23%)
44 (42%)
44 (57%)
4 (5%)
1 (1%)
2 (2%)
32 (34%)
16 (12%)
12 (11%)
72 (86%)
𝟒𝟒𝟒𝟒 (𝟓𝟓𝟓𝟓%)
31 (22%)
39 (39%)
46 (35%)
NRP Double Triangles
●Application
39 (35%)
38 (48%)
8 (8%)
26 (21%)
●Correct Answer
10 (6%)
11 (9%)
23 (23%)
50 (47%)
●A, H, O Triangle Labels
48 (49%)
9 (9%)
1 (1%)
2 (2%)
●Cross Multiplication
27 (17%)
19 (14%)
35 (33%)
88 (88%)
●Soh Cah Toa (Trig)
53 (28%)
59 (50%)
43 (36%)
56 (30%)
NRP Proving Triangles Right
●Application
34 (25%)
32 (30%)
20 (17%)
15 (17%)
●Correct Answer
10 (7%)
8 (6%)
26 (25%)
44 (40%)
●A, H, O Triangle Labels
47 (49%)
4 (4%)
2 (2%)
3 (2%)
●Cross Multiplication
13 (8%)
8 (6%)
37 (34%)
79 (89%)
●Soh Cah Toa (Trig)
49 (28%)
60 (46%)
53 (38%)
38 (22%)
* Blue indicates highest co-occurrence coefficient and gray highlights the highest co-occurrence with
correct answer.
** Non-Routine Problem = NRP
●Application
●Correct Answer
●A, H, O Triangle Labels
●Cross Multiplication
●Soh Cah Toa (Trig)
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An example of where student pairs applied the general principles of a 4e: Rule and 4g:
Strategy or procedure to solve non-routine problems in the trigonometry lesson cycle, can be
seen in Guy and Marty’s work to solve the non-routine problem Proving Triangles Right by
applying the different steps to solve for the missing part of a right triangle. Figure 18 shows how
Type 4 reflection generalizations co-occurred with attribute codes in the trigonometry inquirybased lesson documents and the non-routine problems Proving a Triangle Right. Guy perceived
the labeling of the right triangle as a rule and applied the trigonometric ratios as a strategy; the
co-occurrence was present between action labels and 4e: Rule and 4g: Strategy or procedure.
In the non-routine problem Proving Triangles Right, Guy and Marty labeled the triangle and
applied trigonometric ratios in similar methods to the inquiry-based lessons. As a result, there
was a co-occurrence between “application,” “A, H, O Triangle Labels,” “Soh Cah Toa (Trig),”
and the Type 4 reflection generalizations for stating the general principle of a rule and a strategy
or procedure.
Figure 18
An Example of how Type 4: General Principle Reflection Generalizations Were Demonstrated in
the Inquiry-Based Lesson then Applied to Non-Routine Problems
Guy Trigonometry IBL Worksheet

Guy and Marty NRP Proving Triangles Right
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The Co-occurrence Between Action Generalizations and Reflection Generalizations
During the inquiry-based lessons for geometric transformations and trigonometry
students exhibited evidence of Type 1: Relating and Type 2: Searching action generalizations.
Ellis (2007a) defines an action generalization of a mental act which is an attempt at a
generalization which after repeated actions can lead to the conclusion of reflection
generalizations. Evidence of action generalization suggested evidence of the mental actions of
students while they attempted to generalize during the inquiry-based lessons.
The co-occurrence analysis for the geometric transformation lesson cycle between
action generalizations supported that Type 1 and Type 2 action generalizations were associated
through co-occurrence events (cooc=n) with Type 4: General principle reflection generalizations
exhibited by two out of four student pairs. A co-occurrence analysis (see Table 16) found a
relationship between Type 1: Relating properties of objects (cooc= 3) and searching for the
same procedure (cooc= 2) with 4e: Rule only in the geometric transformations inquiry-based
lesson documents. There was also a co-occurrence between searching for the same 2b:
Procedure and 4e: Rule (cooc=2) and 4g: Strategy or procedure (cooc=1). The findings from the
co-occurrence analysis indicated that 25% of student pairs related objects and searched for
procedures through repeated actions and then concluded rules or strategies (Ellis 2007b) for
transforming geometric objects. The co-occurrence between Type 1 and Type 2 action
generalization with Type 4 reflection generalizations informs students’ mental action while
recognizing the Type 4: General principle reflection generalizations that were later applied to
solve the non-routine problems Rotating Shapes Just a Little Bit and Transformation Golf.
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Table 16
Co-Occurrence Analysis Between Action and Reflection Generalizations by Events in
Documents and Student Pairs for the Geometric Transformations Lesson Cycle
(4e)
●Rule

(1c)
● Relating
Objects:
Property
(2b)
● Searching for
the Same
Procedure

(4f)
●Pattern
CoStudent
occurrence
Pairs
events
(cooc=n)

Cooccurrence
events
(cooc=n)

Student
Pairs

3

1
(25%)

0

2

1
(25%)

0

(4g)
●Strategy or Procedure
Co-occurrence
events
(cooc=n)

Student
Pairs

0

0

0

0

1

1
(25%)

The co-occurrence analysis for the trigonometry lesson cycle between Type 2:
Searching action generalizations and Type 4: General principle reflection generalizations found
an overlapping relationship with how students searched for 2a: Relationships, 2b: Procedures,
and 2c: Patterns and 4e: Rules, 4f: Patterns, 4g: Strategies or procedures, and 6a: Prior idea or
strategy. All of the student pairs linked Type 2: Searching for the same 2b: Procedure with 6a:
Prior idea or strategy which is associated with the process of cross multiplication, providing
evidence that while students were trying to discover how to apply trigonometric ratios, they used
the known strategy of cross multiplication to develop proportions. Searching for the same 2a:
Relationship was often linked with students creating different proportions with the different
trigonometric ratios. Table 17 is a summary of the co-occurrence analysis between Type 2
action generalizations with Type 4 and Type 6 reflection generalizations comparing cooccurrence events in the documents (cooc=n) with the number of student pairs that provided
evidence of those co-occurrence events.
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Table 17
Co-Occurrence Analysis Between Action and Reflection Generalizations by Events in
Documents and Student Pairs for the Trigonometry Lesson Cycle
(4e)
●Rule

(2a)
● Searching
for the Same
Relationship
(2b)
● Searching
for the Same
Procedure
(2c)
● Searching
for the Same
Pattern

(4f)
●Pattern

(4g)
●Strategy or
Procedure

(6a)
● Prior Idea or
Strategy

Cooccurrence
events
(cooc=n)

Student
Pairs

Cooccurrence
events
(cooc=n)

Student
Pairs

Cooccurrence
events
(cooc=n)

Student
Pairs

Cooccurrence
events
(cooc=n)

Student
Pairs

0

0

0

0

1

1
(25%)

2

1
(25%)

2

2
(50%)

1

1
(25%)

4

3
(75%)

8

4
(100%)

2

2
(50%)

1

1
(25%)

3

3
(75%)

7

4
(100%)

Findings Indicating the Incorrect Answer in the Geometric Transformation Lesson Cycle
The code-document analysis of attribute codes (see Table 13) found incorrect answers
by two out of four student pairs in the non-routine problems Rotating Shapes Just a Little Bit
(f=2) and Transformation Golf (f=3). The non-routine problems used in this research mostly
contain questions that allow for one correct response, with the exception of Transformation Golf
which has two open-ended free-response questions; if a response to a question was not the
correct answer, it was coded “incorrect answer.” The incorrect answers in the non-routine
problem Rotating Shapes Just a Little Bit were more informative because the students Estell
and Ivory were unsuccessful in solving two out of the three problems presented. There were
fourteen questions in Transformation Golf and Herbert and Ursa answered and defended one
question incorrectly and ambiguously, resulting in receiving two codes for incorrect answer.
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The most informative example of a student pair finding the incorrect answer in a nonroutine problem is with Estelle and Ivory who were unsuccessful in solving the non-routine
problem Rotating Shapes Just a Little Bit. Estelle and Ivory were not the only example of
presenting an incorrect answer but were the only circumstance that was the most informative.
Figure 19 is a data network view presenting how Estelle and Ivory demonstrated the reflection
generalization strategy or procedure but could not successfully solve Rotating Shapes Just a
Little Bit. Estelle stated in her questionnaire that she attempted to rotate the object and that her
concern was to maintain the object's appearance. Ivory stated that she applied the same
strategy of using wax paper to help rotate the object but could not do so successfully.
Figure 19
Data Network for Estelle and Ivory comparing 4g: Strategy or procedure and “incorrect answer”
in Geometric Transformations

A co-occurrence analysis would have informed if a generalization was applied and
resulted in an incorrect answer, but there was no evidence of any relationships or associations.
There was no co-occurrence between the codes for incorrect answer and 4g: Strategy or
procedure, leaving assumptions of why Estelle and Ivory could not solve the non-routine
problem up to speculation. Estelle stated that she ran out of time while trying to solve the
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problem. It is possible that if Estelle and Ivory had more time to solve the non-routine problem
Rotating Shapes Just a Little Bit, they could have been more successful.
The question that resulted in an incorrect response in Transformation Golf was a
multiple-choice question that required an explanation for the chosen answer and was found in
Halbert and Ursa’s work. Figure 20 shows the question and response from Halbert and Ursa,
and there is no evidence of a generalization being applied. The response provided stated that
“you cannot rotate because it would not line up with the white ‘L’,” was coded as an incorrect
answer and presented a co-occurrence relationship with 4f: Pattern. Therefore, this could be an
indication of an incorrect response due to a reflection generalization applied incorrectly in the
non-routine problem Transformation Golf.
Figure 20
Indication of Incorrect Answer in the Non-Routine Problem Transformation Golf

* Explain your thinking: “You cannot reflect because it would be upside down and you cannot
rotate because it would not line up with the white ‘L’.”
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Chapter Five: Discussion
The research question was to determine what generalizations students applied to solve
non-routine problems in geometry. This research was designed to provide insight into students'
generalizations during inquiry-based lessons and then the application of those generalizations
to solving non-routine problems in a non-laboratory setting through two lesson cycles covering
geometric transformations and trigonometry. To answer the research question, generalizations
were identified using a generalization taxonomy developed by Ellis (2007a, 2007b). The
teacher/researcher (TR) interpreted the generalization taxonomy (Ellis 2007a, 2007b) in terms
of geometric habits of mind (Driscoll et a., 2007), which is a subgroup of mathematical habits of
mind (Couco et al., 1996) with the objective of discussing the findings using concepts and
theories that are relevant to teacher practices.
The literature review in chapter 2 discussed the shortcomings of geometric habits of
mind and mathematical habits of mind. The theories were designed to provide classroom
educators insight into how to create a better learning environment but lacked maturity for
research purposes and are challenging to measure. Many of the limitations cited in the literature
review stated that the lack of research and inconsistency in instruments that were used resulted
in limited and nonrepeatable findings (Ersen et al., 2018). This research attempted to address
that limitation by using the generalization taxonomy developed by Ellis (2007a, 2007b) to
observe students’ generalizations regarding patterns, rules, strategies, and prior knowledge,
and how the actions of searching and relating are associated with those generalizations. The
generalization taxonomy developed by Ellis (2007a, 2007b) was developed using the actororiented perspective of transfer and uses much of the same terminology as geometric and
mathematical habits of mind allowing for this research to be discussed in terms indicative of
teacher practices. The researcher linked the generalization taxonomy to geometric habits of
mind and mathematical habits of mind to help interpret the findings for secondary classroom
educators (Appendix A).
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Data were collected in two lesson cycles based on lesson topics. The first lesson cycle
covered geometric transformations that incorporated three inquiry-based lessons and two nonroutine problems, Rotating Shapes Just a Little Bit and Transformations Golf. The second
lesson cycle covered right triangle trigonometry in one inquiry-based lesson and required
participants to apply what they had learned in three non-routine problems, Area and Perimeter,
Double Triangles, and Providing Triangles Right. Data were collected through the two lesson
cycles using pre-interviews, journals and work samples, observations, and post-interviews to
produce robust data from multiple perspectives.
After data collection was completed, a thematic analysis was conducted in two rounds.
In the first round, a set of a priori codes from the generalization taxonomy (Ellis, 2007a) for
deductive coding and emergent codes from inductive codes was used to code all primary
documents to break up the data into discrete portions or quotations. The primary documents for
this research consisted of student journals for the inquiry-based lessons and non-routine
problems, pre- and post-interviews, and the observations performed by the teacher/observers
(TO). Inductive coding resulted in the emergence of attribute codes which provided informing
characteristics in parallel with the a priori codes. The second round involved axial and selective
coding from the first round, placing the codes from the analysis into groups and organizing them
into core themes (Williams & Moser, 2019). The axial groups are based on the six types of
generalizations from the generalization taxonomy (Ellis, 2007b) and attribute codes. A codedocument analysis and a co-occurrence analysis were performed in ATLAS.ti to develop an
understanding of how participants applied the generalizations they developed to answer nonroutine problems.
The research questions were answered in three parts by the findings from the thematic
analysis which showed evidence of Type 4 and Type 6 reflection generalizations, the cooccurrence between attribute codes and reflection generalizations, then the co-occurrence
between action and reflection generalizations. For the geometric transformation lesson cycle,
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students applied Type 4: General principle reflection generalizations to solve the non-routine
problems Rotating Shapes Just a Little Bit and Transformation Golf. In the trigonometry lesson
cycle, students applied Type 4: General principle and Type 6: Influence: reflection
generalizations to solve the non-routine problems Area and Perimeter, Double Triangles, and
Proving Triangles Right. Definitions of specific reflection generalizations by Ellis (2007b) can be
found in Table 4. The thematic analysis on the geometric transformations lesson cycle found
that students demonstrated Type 1: Relating and Type 2: Searching action generalizations in
the inquiry-based lessons, which co-occurred with Type 4: General principle reflection
generalizations.
For the trigonometry lesson cycle, students exhibited Type 2: Searching action
generalizations during the inquiry-based lesson, which co-occurred with Type 4: General
principle and Type 6: Influence reflection generalizations. Students applied Type 4 and Type 6
reflection generalization to find the correct answers to the non-routine problems Area and
Perimeter, Double Triangles, and Proving Triangles Right. Specifically, students demonstrated
the general principles of rules, patterns, and strategies or procedures and utilized a previously
known procedure to solve for the missing parts of right triangles.
The inquiry-based lesson for trigonometry covers the topic as an extension of similarity
(see Appendix D), but there was no evidence of extending action generalizations. Ellis (2007a)
defines Type 3: Extending action generalization as when a student expands reasoning beyond a
problem, situation, or case in which it originated and something new results. The researcher
designed the inquiry-based lesson to promote a connection between similar triangles and
trigonometric ratios. Three possible reason why students did not demonstrate Type 3 extending
from triangle similarity to trigonometry was either it was simply not articulated by any of the
student pairs, they were not given the opportunity to do so in their questionnaires and
interviews, or they did not recognize the connection.
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The findings differ in that students’ reflection generalizations focused on strategies or
procedures in the geometric transformations lesson cycle due to the simplicity and focus of each
question which required less distinguishable steps in that lesson cycle. Throughout the
geometric transformations lesson cycle, students were asked to either translate, reflect or rotate
an object, which required only one action to complete. The trigonometry lesson cycle showed
more variation in the reflection generalizations that were developed. There was more variation
in the trigonometry lesson cycle, likely because finding a missing part of a right triangle is a
multistep process of labeling a triangle, applying a trigonometric ratio, then cross multiplying.
There was no evidence that participants exhibited Type 5: Definition reflection
generalizations, likely because the inquiry-based lessons did not focus on definitions. Ellis
(2007a) defines Type 5: Definition reflection generalizations as when a student conveys a
fundamental characteristic of a pattern, relation, class, or other aspect that characterizes a
definition. The inquiry-based lesson designed by the researcher (see Appendix C and Appendix
D) focused on the connections participants made while problem-solving to find a solution. The
researcher did not focus on any specific use of definition or particular characteristics of either a
geometric transformation or a trigonometric ratio.
All of the Student Pairs Indicated Evidence of Reflection Generalizations
Findings from the thematic analysis suggest that all students developed generalizations
in the geometric transformations and trigonometry lesson cycles. Generalizations are defined as
applying an idea, concept, or argument into a broader context, according to Harel and Tall
(1991). Generalizations are mental acts or internal actions or reasoning (Harel, 2008).
Generalizations are a critical component of mathematical thinking and geometric habits of mind
(Driscoll et al., 2007).
During a lesson in geometric transformations, Yao (2018) found that students exhibited
generalizations based on properties and procedures, which the findings of this research
supported. Findings from the geometric transformations lesson cycle indicated that students
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developed general principle reflection generalizations of procedures, rules, and patterns aligned
with the findings from Yao (2018). The findings in this research showed more specificity in the
specific actions of how students generalized, where the data made clear that students found
reflections to be either a pattern or a rule while translating an object was a procedure of
counting in specific directions.
Throughout the inquiry-based lessons for geometric transformations and trigonometry,
evidence was found in the student questionnaires and interviews of participants finding
strategies, rules, and patterns to solve the problems presented. Ellis (2007a) defined the
reflection generalizations in Type 4: Identification or statement when a student explicitly states
generalizations referring to patterns, properties, rules, or strategies (see Table 2). According to
Ellis (2007a), students often engage in searching for action generalizations before producing
statements of general principles. Type 4: Identification or statements could be examples of
participants imagining final solutions, making reasoned conjectures (Driscoll et al. 2007), and
visualizing and then constructing ideas or processes (Couco et al. 1996), likely because
students who demonstrate Type 4 reflection generalizations had to construct those
generalizations prior to stating them.
All of the student pairs who provided data for the geometric transformation lesson cycle
showed evidence that they recognized strategies or procedures for geometric transformation
that focused on the orientation of shapes and how they moved when transformed, which were
later applied to solve non-routine problems. Students applied the 4g: Strategy or procedure from
the inquiry-based lesson to solve the non-routine problems. A general principle of a strategy or
procedure is the description of a procedure that remained valid for all cases by a student (Ellis
2007a). In the geometric transformations lesson cycles, students applied procedures for rotating
an object around a point away from the origin by stating that they found a process to maintain
equal distance from the point of rotation and the translation of an object from one point to
another. For some student pairs, that process involved drawing a circle with the point of rotation
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at the center and the other process of counting the distance away from the point on the circle to
rotate an object around a point not on the origin.
Three out of four student pairs had developed rules for rotating shapes that consisted of
maintaining an equal distance from points on the objects to the point of rotation and keeping the
proper orientation of the object. One student pair, Estelle and Ivory, relied on transparency
squares while others did not. Students had to consider the rules that they learned during the
geometric transformation inquiry-based lesson and apply them in a new way to successfully find
the rotational symmetry of shapes in Rotating Shapes Just a Little Bit. In Rotating Shapes Just a
Little Bit, students had to consider the orientation of the object because the question asked for
students to find the minimum degrees the object can be rotated to keep the same orientation.
Many of the students placed the center of rotation at the center of the object and measured how
many degrees needed to be rotated to achieve rotational symmetry. Students that developed
less than precise methods for applying those rules or did not consider the rules struggled at first
to find the correct answer and, in one case, could not find the correct answer.
Three out of four student pairs successfully applied many of the patterns exhibited in the
geometric transformation inquiry-based lessons in the Transformation Golf non-routine problem
that asked to perform a series of translations, reflections, and rotations to place a hexagon on
top of another. In the non-routine problem, Transformation Golf, students often had to reflect
over an object; it required the use of identifying the patterns of how the object would move and
orient itself over a line of reflection in to create a line of reflection to solve the problem correctly.
In conjunction with reflections, student pairs had to translate an object as well to take steps to
place one hexagon on the other, requiring the consideration of how far the hexagon will move
and how it will be oriented. A student stating the general principle of a pattern could be an
example of the mathematical habit of mind of pattern sniffing (Couco et al., 1996). According to
Couco et al. (1996), students should always be in the habit of looking for and identifying
patterns.
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In the trigonometry lesson cycle, all of the student pairs exhibited Type 4: General
Principle reflection generalizations that were applied to the non-routine problems Area and
Perimeter, Double Triangles, and Proving Triangles Right. The evidence that emerged to
answer the research question was the result of how all the student pairs reported their view of
the specific steps to find the missing part of a right triangle in the pre-interviews for the
trigonometry lesson cycle. For example, the student pairs Anna and Thelma, Eric and Wayne,
and Polly and Shaw viewed the labeling of the legs of the triangle as a rule. The student pairs
also reported in their pre-interviews the use of trigonometric ratios as a pattern or strategy, and
cross-multiplication as something they already knew. Explicitly stating steps in a process to
reach a solution could be considered an indicator of generalizing geometric ideas by using a
solution to find another (Driscoll et al., 2007) and an example of the mathematical habit of mind
of describing (Couco et al., 1996).
Similar to the research conducted by Çekmez (2020), students that solved the nonroutine problem Proving Triangles Right presented an example of an expansion generalization.
When students solved the non-routine problem Proving Triangles Right, they applied their
generalizations on solving for a missing part of a right triangle in a novel way. The students did
not change or reconstruct what they knew about trigonometric ratios. Still, they applied those
generalizations to find evidence of whether the triangle presented in the problem was a right
triangle, a method that the students were unfamiliar with.
All student pairs responded in the pre-interviews that they had prior knowledge of cross
multiplication used to solve trigonometry problems, which resulted in a co-occurrence with Type
6: Influence: Prior idea or strategy. Students demonstrated 6a: Prior idea or strategy reflection
generalizations in the form of cross multiplication during the inquiry-based lessons and applied
them to solve the non-routine problems. The co-occurrence analysis (see Figure 27) provided
evidence of an association between the process of cross-multiplication and 6a: Prior idea or
strategy reflection generalization. Type 6: Influence reflection generalizations are defined as

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

110

when a student implements a previously developed generation to a new problem or context
(Ellis 2007a). Students previously covered geometric similarity between objects where a
proportion had to be produced and then solved using cross multiplication as part of the Georgia
geometry curriculum (Georgia Department of Education, 2016). The trigonometry unit
proceeded the unit with polygon similarity, which was likely part of the reason that students
stated that they already knew the process of cross-multiplication from previous units.
Type 1 and Type 2 Action Generalizations as a Path to Reflection Generalizations
An action generalization or mental action while performing a task can lead to a
conclusive statement or reflection generalization, according to Ellis (2007a). Two out of the four
student pairs demonstrated Type 2: Searching action generalization was evident in students’
work in the inquiry-based lesson documents in both geometric transformation and trigonometry
lesson cycles. Students searched for patterns and procedures when transforming objects into
themselves by counting spaces and trying to maintain proper orientations of an object in the
transformations inquiry-based lesson. In the geometric transformation lesson cycle, students
had to experiment with different strategies to rotate an object without knowing any rules.
Students searched for procedures to create proper proportions to find the missing part of
right triangles in the trigonometry inquiry-based lesson, then experimented with cross
multiplication to find the correct answers. Students had to search and experiment with concepts
and procedures and then stop to reflect on why or why not that solution was found. According to
Driscoll et al. (2007), the action of searching is an integral part of balancing exploration and
reflection. Couco et al. (1996) state that performing experiments to test strategies is essential in
discovery.
Type 1: Relating and Type 2: Searching action generalizations that had an overlapping
relationship with Type 4: General principle reflection generalizations in the geometric
transformations lesson cycle. Students demonstrated the Type 1 action generalization of
relating during the inquiry-based lessons for geometric transformations. Ellis (2007a) defines
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relating as when a student makes a connection between two or more situations, problems,
ideas, or objects and searching as when a repeated action is performed to determine a
characteristic. During the inquiry-based lesson for geometric transformations (see Appendix C),
students related the property of rotating a shape around a point away from the origin by
connecting back to a situation of rotating an object around the origin and searched for
procedures to perform rotations without a transparency square or use of rules and to translate
an object.
The evidence of action generalizations found in this research suggested that the
students may have concluded with those reflection generalizations by searching for procedures
and relating by connecting objects and creating and inventing when comparing and contrasting
different geometric transformations. According to Ellis (2007a), action generalizations are a
potential path to the conclusion of reflection generalizations or can be viewed as how students
constructed generalizations while they worked through lessons on geometric transformations.
The findings of this research are in line with what Yao (2018) found, where students developed
generalizations based on processes and theories which are in line with the general principles of
rules, patterns, and strategies found in the generalizations taxonomy (Ellis, 2007a, 2007b).
To solve the problems in the inquiry-based lessons, students searched for procedures to
reflect and translate objects in various directions and then back on to themselves. From those
actions, students concluded statements on general principles on strategies, rotating patterns,
and rules for transforming geometric objects. Through the process of relating one transformation
to the other and one problem to the next while searching for procedures to solve the problems,
students developed an understanding of the strategies, rules, and patterns for performing
geometric transformations where no specific rules were provided. Students developed a
conceptual understanding of what geometric transformations are and how they function, which
is the primary goal of acquiring geometric and mathematical habits of mind (Driscoll et al. 2007,
and Couco et al. 1996).
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During the inquiry-based lesson on rotations which was part of the geometric
transformation lesson cycle, students were asked to first rotate a hexagon around the origin
then around a point away from the origin. Students found that the properties of rotating a shape
around the origin are essentially the same as rotating a shape around a point that is not the
origin. This revelation regarding students relating the properties of rotation around the origin and
a point away from the origin could be considered an indicator of generalizing geometric ideas by
questioning what happens when the context of a problem changes (Driscoll et al. 2007).
The evidence of action generalizations found in this research suggested that the
students may have concluded with those reflection generalizations by searching for procedures
and relating by connecting objects and creating and inventing when comparing and contrasting
different geometric transformations. According to Ellis (2007a), action generalizations are a
potential path to the conclusion of reflection generalizations or can be viewed as how students
constructed generalizations while they worked through lessons on geometric transformations.
The findings of this research are in line with what Yao (2018) found, where students developed
generalizations based on processes and theories which are in line with the general principles of
rules, patterns, and strategies found in the generalizations taxonomy (Ellis, 2007a, 2007b).
In the trigonometry lesson cycle, all the student pairs demonstrated Type 2: Searching
action generalizations that had an overlapping relationship with Type 4: General principle and
Type 6: Influence reflection generalizations. The action generalizations that students
demonstrated during the trigonometry inquiry-based lesson were searching for the same
procedure. The inquiry-based lesson on trigonometry presented several problems (see
Appendix D) that asked to solve for the missing part of a right triangle using a similar triangle
and then a table of trigonometric ratios. Students searched for procedures (Ellis, 2007a) to
develop the correct proportions for all cases of a right triangle. Once students discovered a
procedure for finding the missing part of a right triangle, they concluded with Type 4:
Identification or statement and Type 6: Influence reflection generalizations because of how the

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

113

student pairs reported their perspective on the steps to solving the problems in the inquirybased lessons. The search for procedures during the inquiry-based lesson on trigonometry led
students to the recognition of how to create proportions using the trigonometry ratios of sin,
cosine, and tangent after labeling the opposite, adjacent, and hypotenuse of a right triangle.
The action generalizations of searching showed an overlapping relationship with the
reflection generalizations of prior knowledge to solving problems involving right triangle
trigonometry problems. According to Moore et al. (2020), a critical criterion of an abstracted
quantitative structure is the ability to present that structure by applying it to a novel concept. The
use of cross multiplication which was a part of the action generalization of searching for a
procedure was later accommodated to solve for the missing part of a right triangle using the
trigonometric ratios sine, cosine, and tangent. Using the process of cross multiplication in a
novel way can be considered the development of an abstracted quantitative structure (Moore et
at., 2020) but also be an exhibition of the geometric habit of mind of generalization by using a
solution to find another (Driscoll et al., 2007).
Cross multiplication can be considered a domain of mathematics that requires
knowledge of number sense and fractions. Geary et al. (2017) suggested that students’
mathematical domain competency may be a factor in mathematical achievement. In this
research, the prior knowledge of cross-multiplication as a domain could be considered an
indicator of part of the reason why all of the student pairs were successful in the trigonometry
lesson cycle. In the trigonometry lesson cycle, there was only one indication of an incorrect
answer by Eric and Wayne on one of the assignments in the trigonometry lesson, and it was
due to a miscalculation, suggesting that all of the student pairs were competent at cross
multiplication and therefore contributed to their success in solving for the missing part of a right
triangle.
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Study Limitations
The first limitation encountered was that students were not given proper time to
elaborate in pre-interviews which limited how informative the pre-interviews could be for the
geometric transformation lesson cycle due to circumstances surrounding the IRB application
process. This research took place in a non-laboratory setting; as a result, state curriculum
pacing guidance was required to be adhered to and dictated to the data collection window. The
original research design required that students were to be chosen as participants in pairs then
those student pairs were to be administered the pre-interview together to help produce a more
informative document where the students can have the opportunity to elaborate on each other’s
responses. Also, there was a limited amount of time for pre-interviews which was further
restricted by students being interviewed individually.
The research was approved only a day before the data collection window, resulting in
limited participant selection based on who turned in IRB consent forms at that time instead of
primarily selecting participants based on those who interacted with the lesson best. Preinterviews were not a standard part of classroom practice and would not be administered
without completed consent and assent forms. As a result, students were administered preinterviews individually resulting in less opportunity for responses to be elaborated upon by a
partner and being restricted on time, limiting how informative the pre-interview was. A semi
structured group interview can provide detailed information about a phenomenon of focus
(Queirós et al., 2017), for the geometric transformation lesson cycle the interviews were limited
to only the interview questions with little to no follow up and were conducted individually. Less
informative pre-interviews made it more challenging to differentiate the different generalizations
that the student pairs demonstrated due to lack of specificity, possibly leading to less variation in
the findings for the geometric transformation lesson cycle.
A second limitation for the geometric transformations lesson cycle is that responses to
the questionnaire and pre-interviews were vague possibly due students having hurdles with
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communicating due to school closures. In March of 2020, the school system in which this
research took place closed and remained closed for the following school year due to COVID-19
protocols. Students were required to attend virtual classrooms instead of face-to-face
classrooms. Student-to-student interaction and student-to-teacher interaction were limited as
safety precautions to prevent the spread of the COVID-19 virus. Instruction that took place was
made to be reduced in pace and content as instructed by the school district. For many students
in the school district, the school year starting in August of 2021, when this research took place,
was the first time some students had physically attended high school. During peer examination
for the geometric transformation lesson cycle, participants indicated that they had difficulty
communicating abstract and specific concepts to their peers and instructors because they had
fallen out of practice due to the school closures. The insightfulness of the data from geometric
transformations may have been limited due to participants’ reduced capacity to communicate
abstract and specific concepts.
The third limiting factor to participant selection was the feedback participants received
during an inquiry-based lesson. The goal of this research was to determine what generalizations
students applied from an inquiry-based lesson to solving a non-routine problem. Part of
participant selection was based on students’ ability to work in pairs independently from the
classroom teacher during the inquiry-based lessons so that students demonstrated refection
generalizations on the topics on their own. Potential participants who required more direct,
specific feedback or one-to-one instruction that was beyond the scope of the inquiry instruction
model defined in Chapter 2 (see Table 5) were not selected. Limiting participant selection on
frequency or type of feedback may have limited the variety of participants. Despite this possible
limitation, the sample for this research did resemble the population of the school in which the
research took place.
A fourth limitation is that students were placed in pairs for data collection limiting the
ability to focus on individual students. Students chosen to participate in this research were
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placed in pairs because the generalization taxonomy relies on observable behaviors and
vocalizations to measure action and reflection generalizations (Ellis 2007a, 2007b). Placing
students in pairs allowed for the collection of data based on student-to-student interaction and
student-to-teacher interaction but allowed for one non-routine problem document to be collected
for the pair. Collecting data by student pairs limited the opportunity to find evidence of the
application of generalizations for individual students.
The fifth limitation, the research question asked what generalizations students applied to
solving non-routine problems focusing on the application of reflection generalizations and how
they are linked to geometric and mathematical habits of mind. In hindsight, the instruments did
not show evidence of action generalizations at consistent frequencies and among all of the
student pairs for each lesson cycle, resulting in fewer opportunities for co-occurrence, making
the demonstration of action generalizations less informative. More insight into how participants
gained the reflection generalizations would have provided more in-depth findings and
conclusions about the learning process and how problem-solving skills are shaped. Upon
repeating this research, an in-depth review of the literature should take place to adjust the
instruments to gain a deeper insight into the learning process.
Implications for Research and Practice
This section will focus on how five implications should be considered in future research
on what generalizations students apply to solve non-routine problems. For researchers, the first
implication of this research showed the generalization taxonomy (Ellis, 2007a) as intended can
be used in other learning environments and different mathematical disciplines than it was
originally designed. The second implication for future research suggests that the instruments
used in this research should be slightly reconfigured to not solely focus on processes and the
third implication is to provide more opportunity to find the evidence of action generalizations.
The fourth implication of this research for the classroom teacher and curriculum specialist
focuses on how the generalization taxonomy can be used for lesson development and the fifth
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implication is how those lessons can be utilized to promote students becoming independent
problem solvers which are core values of geometric and mathematical habits of mind (Driscoll et
al., 2007; Couco et al., 1996).
The first implication is that this research is an example of how the generalization
taxonomy (Ellis, 2007a, 2007b) is not limited to a specific discipline of mathematics or grade
level and should be continued to be applied to different mathematical disciplines and academic
levels. The generalization taxonomy (Ellis, 2007a, 2007b) was successfully applied to a high
school geometry classroom. The generalization taxonomy was initially designed for algebraic
thinking based on the actor-oriented perspective of transfer (Ellis, 2007a). Generalization
taxonomy provides a structured method of studying and identifying the process of generalizing
but was developed using small scale research (Ellis, 2007a). It was recommended by Ellis
(2007a) to apply the generalization taxonomy to different mathematical disciplines and forms of
research. This research indicates that the generalization taxonomy can be applied to future
research focusing on geometry at the high school or secondary levels or in other mathematics
disciplines and classroom environments by researchers.
The second implication for future repeat research should reconfigure the questionnaire
so as not to ask questions in terms of processes to avoid any suggestions that the response
must be in terms of a procedure. The questionnaires used in this research were derived from
research conducted by Miriam and Eria (2008) and were used almost verbatim and should be
reconfigured slightly for future repeat research. The questionnaires used in this research could
be viewed as focusing on a “process”; for future repeated research, the questionnaires could be
reconfigured slightly to not imply the focus of the answer needs to be about a process or
strategy. The questions that Miriam and Eria (2008) presented focused on why a process was
used. The result of focusing the questions on a process may have led responses to focus on the
description of a strategy or procedure. A possible solution could be that instead of “what
process did you use to solve this problem” provide the question “how did you solve the problem”
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and instead of “why did you use this process” use “how did you know”, those questions are still
relevant to the probing questions that Miriam and Eria (2008) applied to their research but are
not focused a process.
The third implication is to gain more insight into action generalizations, future research
will need to rely more on observations and targeted questions regarding relating, searching, and
extending. In the research conducted by Ellis (2007a), observations and questioning were
conducted to gain insight into the mental actions of students while they worked on a task which
was later stated to be action generalizations. Pre-interview questions should not just be framed
around how students solve problems but how they recognized what was needed to solve the
problems and what actions led to that recognition. In her research, Ellis (2007a) specifically
asks direct questions regarding relationships suggesting that if evidence of action
generalizations ought then direct questions such as what is being searched for, is there a
relationship, or does this look like something that was done before, but more are required in a
questionnaire, pre-interview, or as part of teacher-to-student interaction. While that information
was not crucial to answering the question posed by this research, discovering participants’
action generalizations would provide a deeper understanding of the learning that results in
solving a non-routine problem successfully or unsuccessfully.
The fourth implication for future research this researcher communicated the information
presented in this research through the lens of geometric habits of mind (Driscoll et al., 2007)
and mathematical habits of mind (Couco et al., 1996) to help make it more relevant for
secondary mathematics classroom educators. When research has implications for classroom
teachers then it should be communicated in terms that classroom teachers are familiar with; this
research used geometric and mathematical habits of mind which are frameworks of practitioner
to communicate the results to help inform teacher practices. According to Driscoll et al. (2007)
the habits of mind frameworks were created as instructional tools to help classroom teachers
create a thinking environment in the classroom. Geometric habits of mind and mathematical
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habits of mind were communicated through the lens of the generalization taxonomy (Ellis,
2007a) as interpreted by the researcher. Repeat research should attempt to do the same with
the intent of possibly normalizing interpretations of theories developed for classroom practice
with theories developed for research, so that the information that is gleaned can be easily
communicated to mathematics classroom teachers in simply actionable terms.
The fifth implication is that classroom educators and curriculum specialists of
mathematics can use the generalization taxonomy (Ellis, 2007a, 2007b) to develop lessons with
intentional outcomes regarding generalizations. The findings in this research illustrated that use
of the generalization taxonomy (Ellis, 2007a) for lesson development could help mathematics
classroom teachers and curriculum specialists derive lessons with objectives focused on
specific generalizations by providing an example of how lessons can be designed to promote
specific types of generalizations. According to Ellis (2007a) the generalization taxonomy can
help teachers and curriculum designers move towards promoting student engagement in
activities that promote generalizations.
The tasks that were developed in this research were done with an understanding of
students’ understanding of geometric transformations and right triangle trigonometry. According
to Thompson et al. (2007), when a task is designed with the consideration of the learning
objective and a context of students’ understanding at the start, it will help provide opportunities
to move the lesson in a predictable and desirable direction. The TR designed the inquiry-based
lessons with the objective of students learning and understanding the processes for performing
geometric transformations and solving for a missing part of a right triangle. The findings from the
analysis using the generalization taxonomy (Ellis, 2007a, 2007b) show that the objective was
met in that students exhibited the reflection generalization of strategies and procedures in both
lesson cycles.
Overall, this research found that students demonstrated generalizations involving
strategies and procedures and then applied those generalizations to solve the non-routine
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problems essfully in two lesson cycles. Generalization plays a critical role in how students build
mathematical knowledge and is an essential component of helping students use that knowledge
in new settings and conditions (Oflaz & Demircioğlu, 2018). Effective teaching of mathematics
requires an understanding of the thinking that is required to learn mathematics (Driscoll et al.,
2007), and this research provides a method of promoting independent problem-solving skills
among students for classroom teachers to consider. The core idea of mathematical habits of
mind (Couoc et al., 1996) and geometric habits of mind (Driscoll et al., 2007) was that students
could become more independent problem solvers and that classroom teachers can intentionally
promote that. Becoming independent problem solvers does not just prepare students for future
mathematics but also gives them the skills to navigate obstacles in their future endeavors
beyond education (Couco et al., 1996). This research provides evidence that students
demonstrated their ability to generalize through inquiry-based lessons and become independent
problem solvers. The sixteen students who participated in this research were able to solve nonroutine problems successfully; this is indicative that they developed good geometric habits of
mind and mathematical habits of mind.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

121

References
Allmark, P., Boote, J., Chambers, E., Clarke. A., McDonnell, A., Thompson, A., & Tod, A. M.
(2009). Ethical issues in the use of in-depth interviews: literature review and discussion.
Research Ethics Review, 5(2), 48-54.
ATLAS.ti; qualitative data analysis (version 8). https://atlasti.com/product/what-is-atlas-ti/
Burger, E. B., Dixon, J. K., Kanold, T. D., Kaplinsky, R., Larson, M. R., & Leinwand, S. J. (2020).
Into Geometry (Teacher's Edition ed.): Houghton Mifflin Harcourt Publishing Company.
Castillo-Montoya, M. (2016). Preparing for interview research: The interview protocol refinement
framework. Qualitative Report, 21(5), 811–831.
Çekmez, E. (2020). What generalizations do students achieve with respect to trigonometric
functions in the transition from angles in degrees to real numbers? Journal of
Mathematical Behavior, 58.
Common Core State Standards for Mathematics. (2010). Washington, D.C.: National Governors
Association Center for Best Practices.
Contreras, R. B., (2011). Examining the context in qualitative analysis: The role of the cooccurrence tool in ATLAS.ti. atlas.ti. 5-6.
Couco, A., Goldenberg, P.E., & Mark, J., (1996). Habits of mind: An organizing principle for
mathematics curricula. Journal of Mathematical Behavior, 15. 375-402.
Couco, A, Goldenberg, E. P., Mark, J., & Hirsch, C., (2010). Organizing a curriculum around
mathematical habits of mind. The Mathematics Teacher, 103(9), 682-688.
Desmos (2020), Transformation golf: Rigid Motion:
https://teacher.desmos.com/activitybuilder/custom/59b01d08f4d48d0a0ee7526e
Driscoll, M. DiMatteo, R.W., Nikula, J., & Egan, M., (2007). Fostering geometric thinking: A
guide for teachers, grades 5-10. Portsmouth, NH: Heinemann
Ellis, A. (2007a). A taxonomy for categorizing generalizations--Generalizing actions and
reflection generalizations. Journal of the Learning Sciences, 16(2), 221–262.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

122

Ellis, A. (2007b), Connections between generalizing and justifying: Students’ reasoning with
linear relationships. Journal for Research in Mathematics Education, 38(3), 194-229.
Ellis, A. (2011). Generalizing-promoting actions: How classroom collaborations can support
students’ mathematical generalizations. Journal for Research in Mathematics Education,
42(4), 308–345.
Ellis, A., Tillema, E., Lockwood, E., & Moore, K. (2017) Generalization across domains: The
relating forming-extending generalizations framework. Conference Papers—Psychology
of Mathematics and Education of North America. 677-684.
Erdogan, A. (2015). Turkish primary school students’ strategies in solving non-routine
mathematical problems+ and some implications for curriculum design and
implementation. International Journal for Mathematics Teaching and Learning, 1-27.
Ersen, Z. B., Ezentas, R., & Altun, M. (2018). Evaluation of the teaching environment for
improve the geometric habits of mind of tenth grade students. European Journal of
Education Studies, 4(6), 47–65
Geary, D.C., Nicholas, A., Li, Y., & Sun, J. (2017). Developmental change in the influence of
domain-general abilities and domain-specific knowledge on mathematics achievement:
An eight-year longitudinal study, Journal of Educational Psychology, 109(5), 680-693.
Georgia Department of Education. (2016). Georgia Standards of Excellence: Geometry.
Atlanta, GA: Georgia Department of Education Retrieved from
https://www.georgiastandards.org/Georgia-Standards/Frameworks/GeometryStandards.pdf
Handayani, A. D., Setyowidodo, I., Katminingsih, Y., Herman, T., & Fatimah, S. (2018). Inquiry
based learning: A student centered learning to develop mathematical habits of mind.
Journal of Physics: Conference Series, 1013(1), 1-6.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

123

Harel, G., and Tall, D. (1991). The general, the abstract, and the generic in advanced
mathematics, For the Learning of Mathematics, 11(1), 38-42.
Harel, G. (2008). What is mathematics? A pedagogical answer to a philosophical question. In B.
Gold & R. Simons (Eds.), Current issues in the philosophy of mathematics from the
perspective of mathematicians, (pp. 265-290). Washington, DC: Mathematical American
Association.
Kaya, S., & Kablan, Z. (2018). The analysis of the studies on non-routine problems. Necatibey
Faculty of Education Electronic Journal of Science & Mathematics Education, 12(1), 25–
44.
Khoerul, U. & Kowiyah, A., (2018). The effect of non-routine geometry problems on elementary
students' belief in mathematics: A case study. Journal of Education, Teaching and
Learning, 3(1), 99-103.
Kogan, M., & Laursen, S. (2014). Assessing long-term effects of inquiry-based learning: A case
study from college mathematics. Innovative Higher Education, 39(3), 183-199.
Köse, N., & Tanişli, D. D. (2014). Primary school teacher candidates' geometric habits of mind.
Educational Sciences: Theory & Practice, 14(3), 1220-1229.
Krawec, J., & Steinberg, M. (2019). Inquiry-based instruction in mathematics for students with
learning disabilities: A review of the literature. Learning Disabilities: A Multidisciplinary
Journal, 24(2), 27.
Lapan, S. P., Quartaroli, M. T., & Reimer, F. J. (2012). Qualitative Research: An Introduction to
Methods and Design, Jossey-Bass.
Lobato, J. (2012). The actor-oriented transfer perspective and its contributions to educational
research and practice, Educational Psychologist, 47(3), 232.
Mark, J., Couco, A., Goldenberg, E. P., & Sword, S. (2010) Contemporary curriculum issues:
Developing mathematical habits of mind. Mathematics Teaching in the Middle Skpchool,
15(9), 505-509.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

124

Mavrikis, M., Noss, R., Hoyles, C., & Geraniou, E. (2013). Sowing the seeds of algebraic
generalization: Designing epistemic affordances for an intelligent microworld. Journal of
Computer Assisted Learning, 29(1), 68–84.
Merriam, S. B. (1998) Qualitative research and case study applications in education. San
Francisco, CA: Jossey-Bass.
Miriam, A., & Neria, D. (2008). “Rising to the challenge”: Using generalization in problems to
unearth the algebraic skills of talented pre-algebra students, Mathematics Education, 40,
111-129.
Moore, K. C., Liang, B., Stevens, I. E., & Ying, Y. (2020). A quantitative reasoning framing of
concept construction. Conference: Proceedings of the Twenty-Third Annual Conference on
Research in Undergraduate Mathematics Education, 55. 1-19.
Poyla, G. (1945). How to solve it, Princeton, NJ: Princeton University Press.
Poyla, G. (1954). Mathematics and plausible reasoning: Volume 1. Princeton, NJ: Princeton
University Press.
Oflaz, G. & Demircioğlu, H. (2018), Determining ways of thinking and understanding related to
generalization of eighth graders, International Electronic Journal of Elementary
Education, 11(2), 99-112.
Queirós A., Daniel F. & Almeida, F., (2017). Strengths and limitations of qualitative and
quantitative research methods, European Journal of Education Studies, 3(9). 369-386.
Ramírez-Uclés, R. & Ruiz-Hidalgo, J. F. (2022). Reasoning, representing, and generalizing in
geometric proof problems among 8th grade talented students. Mathematics, 10(5), 789.
Richards, K. & Hemphill, M. A. (2018). A practical guide to collaborative qualitative data
analysis. Journal of Teaching in Physical Education, 37(2), 225–231.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

125

Roberts, K., Dowell, A., & Nie, J.-B. (2019). Attempting rigor and replicability in thematic
analysis of qualitative research data; a case study of codebook development. BMC
Medical Research Methodology, 19(1), 66.
Saygılı, S. (2017). Examining the problem-solving skills and the strategies used by high school
students in solving non-routine problems. (English). E-International Journal of
Educational Research, 8(2), 91–114.
Schutt, R. (2011). Investigating the social world: The process and practice of research, SAGE
Publications.
Stake, R. E. (1995). The Art of Case Study Research. Thousand Oaks: Sage Publications.
Thompson, P. W., Carlson, M. P., & Silverman, J. (2007). The design of tasks in support of
teachers’ development of coherent mathematical meanings. Journal of Mathematics
Teacher Education, 104(6), 415-432.
Ünlü, M. (2018). Examination of mathematics teacher candidates’ strategies used in solving
non-routine problems, Acta Didactica Napocensia, 11(3–4), 97–114.
Williams, M., & Moser, T. (2019) The art of coding and thematic exploration in qualitative
research. International Management Review, (15)1, 45-55.
Yao, X. (2018) Middle school students’ generalizations about properties of geometric
transformations in a dynamic geometry environment. Journal of Mathematical Behavior, 55.
Yavuz M. H. & Aktürk, T. (2017). An Analysis of the Reasoning Skills of Pre-Service Teachers in
the Context of Mathematical Thinking, European Journal of Education Studies, 3(5),
225-254.

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS
Appendices

126

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

127

Appendix A
The Researcher’s Comparison of Geometric Habits of Mind with Generalization Taxonomy
Geometric Habits of Mind
(Driscoll et al., 2007)
GHOM
Indicators

Mathematical Habits of Mind
(Couco et al., 1996)

Generalization Taxonomy (Ellis, 2007a)

Reasoning with
relationships

Visualizer:
Visualizing relationships: Using a
plane or space to create diagrams
such as but not limited to Venn
diagrams or factor trees.

Type 1:
Relating object:
property

Focus on relationships among
separate figures
Focus on relationships among
the pieces in a single figure
Use special reasoning skills to
focus on relationships

Generalizing
geometric ideas

Action Generalization

Type 1:
Relating object: form
Type 1:
Relating object:
connecting back
creating new

Reflection
Generalizations
Type 4:
Sameness:
situations
Type 4:
Sameness:
objects or
representations
Type 4:
Sameness:
common property

The use of a solution to find
another.

Pattern Sniffers: The habits of looking
for patterns.

Type 3:
Expanding the range of applicability:

Type 6:
Prior idea or strategy:

Generate all solutions and
defends them with a convincing
argument.
Questions what happens if a
problem’s context is changed.

Describer: Argue, write, and provide
precise descriptions of steps in a
process.

Type 3:
Removing particulars:

Type 4:
General principle

Type 2:
Searching for the same relationship:

Type 4:
General principal:
Global rule:

Investigating
invariants

Follows a procedure to consider
what has changed and what has
not.

Tinkerer: Taking ideas apart then put
them back together.

Type 2
Searching:
Searching for the same procedure.

Type 6:
Influence:
Modified idea or strategy:

Balancing
exploration and
reflection

Experimenting and/or exploring
with the chance of stock taking.

Experimenters: Performing
experiments by testing strategies or
patterns. Performing thought
experiments.
Visualizer: Visualizing things that are
inherently visual or constructing
analogues to ideas or processes from
nonvisual realms.

Type 2:
Searching

Type 4
Identification or
statement

Type 2:
Searching

Type 4
Identification or
statement

Imagining a final solution,
making reasoned conjectures.

Conjecturers: Making data-driven
conjectures.

Conjecturers: Making data-driven
conjectures.
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Diagram Representing the Setting and Location of Participants

Classroom with projector
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Inquiry-Based Lesson on Geometric Transformations
What the teacher does
What the students do
1-3: Translations and Reflections
Spend 2 days working through these in groups of 2-3 students. Each group needs 1
copy of page 3.
Give each group a copy of this graph from page 3:

Show students:
Find a series of two translations that map the hexagon above onto itself.
Students do:
1. Find a series of three translations that map the hexagon onto itself.
2. Where will the figure be if it’s reflected over the x-axis?
3. Where will the figure be if it’s reflected over the y-axis?
4. Where will the figure be if it’s reflected over x=2?
5. Come up with a series of two reflections that map the hexagon onto itself.
6. Come up with a series of two reflections that has the same result in the same “L” shape.

It has to be somewhere else on the graph.
• Show students notation for translations: (x, y) → (x+1, y+2)
• Show students notation for reflections: 𝒓𝒓𝒙𝒙−𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 (𝒙𝒙, 𝒚𝒚)
Give each group the two pics below (from page 3).
Students do:
What is the line the figure was reflected over in the figure below? How do you know?
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What is the line the figure was reflected over in the figure below? How do you know? How can
you be more exact?

Go back to the figure we started with. Draw a line that’s neither horizontal nor vertical. Where
will the figure be if it’s reflected over your line? How do you know?
Show students graphs of y=x and y=–x.
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Name: _____________________________________
1-3 Translations and Reflections

1)

2)
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Date: _____________
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Name: _________________________
1-3 Translations and Reflections

Date: ________
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1-5: Rotations the Return of the “L”!!!
What the teacher does
What the students do
Students work in groups of 2-3.

Give each group one graph, one pin, and one transparency that’s about 1/8 of a page. Linda
and Rodney have transparencies. Students can use a dry erase marker to write on their
transparency.
Remind students of the difference between clockwise and counterclockwise.
Students show us:

Where will the figure be if it’s rotated 90° counterclockwise around the
origin?
Where will the figure be if it’s rotated 180° counterclockwise around
the origin?
Where will the figure be if it’s rotated 45° counterclockwise around the
origin?
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After we’ve checked the first three rotations:

How’s it different if it’s rotated 90° counterclockwise round the origin,
if it’s rotated 90° counterclockwise round (3, -5), and if it’s rotated 90°
counterclockwise around (2, 4)?
Show students notation for rotation: 𝑅𝑅90° (0,0) is a 90° rotation CCW about the origin.
Tell students math people assume rotations are CCW unless you tell them different.

Where is the center of rotation on the bottom graph? Why?
The answer: The bottom graph was rotated 90° about the point (4, –4).

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS
Name: ______________________
1-5a Rotations

135

Date: ____________

Can you think of a way to rotate these objects the same way without the
transparency?
Test it above and describe it.
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Name: __________________________________
Date: ___________
1-5b Rotations
1. Determine which is the correct center if an 80˚ rotation was used.
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2. Which Image is a rotation of 120˚ about the point A?

`
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Name: ________________________________
1-5c Rotations
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Date ______________
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1-8: Dilations
Students work in groups of 2-3.
This activity will probably take two periods.
Give each group a ruler and print the last page.
Students use the first graph to answer:

What will the figure look like if each of the corners is twice as far from the
point (6, 4)?
What will the figure look like if each of the corners is three times as far from
the point (6, 4)?
After we’ve checked the two dilations, students use the second graph to
answer:
What’s different if you dilate by two from the point (6, 4) instead of the point
(4, 6)?
Extension: Can you find a center of dilation that puts the image entirely in
the third quadrant?

After we’ve checked, students do:

How can you figure out the center of dilation on the third graph?
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(Questionnaire was compressed from two pages to conserve space)
Name: ___________________________
1-3 Transformation Exploration Questionnaire
Mapping a Hexagon onto itself
What process did you use to map the hexagon onto itself using translations?
Why did you use this process?
Did you change your mind? (What were different things you tried?)
Transformation Exploration
Come up with a series of two reflections that map the hexagon onto itself.
What process did you use to map the hexagon onto itself using reflections?
Why did you use this process?
Did you change your minds? (What were the different things you tried?)

Transformation Exploration
Come up with a series of two reflections that has the same result in the same “L” shape.
What process did you use to maintain orientation of the hexagon after performing reflections?
Why did you use this process?
What process did you use to maintain orientation of the hexagon after performing reflections?

Transformation Exploration
Rotations with transparency and without transparency
What process did you use to rotate the hexagon?
Why did you use this process?
Did you change your mind? (What were the different things you tried?)
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Appendix D
Inquiry-Based Lesson on Trigonometry

3-1: Dilations and Similarity
What the teacher does
What the student does
Student handout is on the last two pages of this file.
Dilate the figure below with a scale factor of 2 and a center of dilation D.

Dilations gave us similar figures. What are some things we can say about similar figures?
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There were three ways to prove that triangles are similar: SSS, SAS, and AA.
What makes ΔABC and ΔDEF similar?

I’ve very carefully drawn and measured this triangle:
Label the sides of the triangle: Hypotenuse, Leg, and Leg

Use the triangle above to help you solve some of these problems:

What proportions can be set up to solve this?
Can we take two sides of the triangle and make a decimal?
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How can we use that decimal to solve this triangle?

What proportions can be set up to solve this?
Can we take two sides of the triangle and make a decimal?
How can we use that decimal to solve this triangle?

What proportions can be set up to solve this?
Can we take two sides of the triangle and make a decimal?
How can we use that decimal to solve this triangle?
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When you solved some of the problems above, you kept using some of the same fractions:

1.73
2

1.7321

≈ .8660,

1
2

≈ .5000,

and

1.73
1

≈

Two new vocabulary words
Opposite Leg: The 60° angle points to the leg that’s 1.73 inches long. That’s the opposite
leg.
Adjacent Leg: The 60° angle touches the leg that’s 1 inch long. That’s the adjacent leg.

We use those ratios so often, somebody made a table so we wouldn’t have to construct a
similar triangle every time we needed one.

Degrees
60

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

0.8660

0.5000

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
1.7321

Use the ratios in the table above to solve the same problems you just solved using similar
triangles. How are the steps similar, and how are the steps different?

3)

4)
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Here are a few more ratios that somebody took the time to figure out and write down for
us:

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

45

0.7071

0.7071

1.000

60

0.8660

0.5000

1.7321

75

0.9659

0.2588

3.7321

Degrees
15
30

0.2588
0.5000

0.9659
0.8660

Use those ratios to find the missing sides of some of these triangles:

0.2679
0.5774
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Give 3-3 Find Sides Using Trig after completing this activity.
Show them the trig buttons on the calculator the next day.
Name: _____________________________________
3-2 CLASSWORK – Solving triangles using ratios.

Date: _________

What makes these triangles similar?

I’ve very carefully drawn and measured this triangle:

1.

2.
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Degrees
60

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
0.8660

0.5000

Solve these using the ratios in the table above.

3)

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
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𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
1.7321

4)

Here are a few more ratios that somebody took the time to figure out and write down for
us:

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

45

0.7071

0.7071

1.000

60

0.8660

0.5000

1.7321

75

0.9659

0.2588

3.7321

Degrees
15
30

0.2588
0.5000

0.9659
0.8660

Use ratios to find the missing sides of some of these triangles:

0.2679
0.5774

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS
(Questionnaire was compressed from two pages to conserve space)
Name: ____________________
3-2 Trigonometry IBL Questionnaire
1) Dilate the figure below with a scale factor of 2 and a center of dilation D.
a) What process did you use to dilate the figure?

b) Why did you use this process?

c) Did you change your mind? (What were the different things you tried?)
3) What proportions can be set up to solve for x?
a) What process did you use to set up proportions?

b) Why did you use this process?

c) Did you change your mind? (What were the different things you tried?)
4) What proportions can be setup to solve for e and d?
a) What process did you use to set up proportions?

b) Why did you use this process?

c) Did you change your mind? (What were the different things you tried?)
5) What proportions can be set up to solve for x?
a) What process did you use to set up proportions?

b) Why did you use this process?

c) Did you change your mind? (What were the different things you tried?)
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Appendix E
Non-Routine Problems for Transformations
(Compressed to save space)

1) Rotating Shapes Just a Little Bit
• What’s the smallest number of degrees you can rotate this pentagon, so it looks like the pentagon
you started with?

a) What process did you use too answer this question?
b) Why did you use this process?
c) Did you change your mind? (What were the different things you tried?)
• What’s the smallest number of degrees you can rotate this hexagon, so it looks like the hexagon you
started with?

a) What process did you use too answer this question?
b) Why did you use this process?
c) Did you change your mind? (What were the different things you tried?)
• What’s the smallest number of degrees you can rotate this regular octagon, so it looks like the
octagon you started with?
a) What process did you use too answer this question?
b) Why did you use this process?
c) Did you change your mind? (What were the different things you tried?)
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2) Transformations golf
Place the preimage over the image using one or more transformations

(Desmos, 2020)
https://teacher.desmos.com/activitybuilder/custom/59b01d08f4d48d0a0ee7526e

(Questionnaire printed on separate paper)
a) What process did you use too answer this question?
b) Why did you use this process?
c) Did you change your mind? (What were the different
things you tried?)
3) Perspective Dilation
Draw a small right triangle in the first quadrant. Find one center of
dilation that puts the image entirely in the second quadrant. Find another
center of dilation that puts the image entirely in the third quadrant.

a) What process did you use too answer this question?
b) Why did you use this process?
c) Did you change your mind? (What were the different
things you tried?)
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Appendix F
Non-routine Problems for Trigonometry
(Compressed to Save Space)

4) Proving a Triangle Right
Is this a right triangle? Support your answer in as many ways as you can.

a) What process did you use too answer this question?
b) Why did you use this process?
c) Did you change your mind? (What were the different things you
tried?)

5) Area and Perimeter
Find the area and perimeter of this
shape

a) What process did you use too answer this
question?
b) Why did you use this process?
c) Did you change your mind? (What were
the different things you tried?)

6) Double Triangles
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Appendix G
Pre-Interview Protocol Before Administering Non-Routine Problem

Script prior to interview.
Thank you for participating in this research study. The purpose of this study is to see how students use generalizations
to solve problems that they are not familiar with. A generalization is when a person uses something they know and
applies it to something new or something larger.
The purpose of this interview is to see what generalizations you arrived at when completing the tasks from the lessons.
Keep in mind this interview is strictly voluntary and if any of you wish to not be a part or discontinue your participation
you made do so at any time.
You can use your work on the tasks and your journal for reference while answering these questions.
Be as specific as you can while answering your questions and feel free to point to your journal or your work on the
problem as examples. All of these questions may not apply to you. If a question does not apply, state “Does not apply”. If
there are questions that you don’t understand ask for clarification.
Your responses to the questions will be written down and reviewed later.
At some point each of you will have the opportunity to review the information that has been produced through this
process for your clarification.
Are there any questions?
If there are no questions, begin the interview.
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Interview Question
Have you ever taken this
geometry class before?
Have you ever seen this
topic before?
Explain how this topic looks
like anything you have seen
before.

To find a pattern or
relationship, what process
did you need to repeat over
and over again?

How did you take something
you already knew and apply
it to this new topic?

Explain how you found a
similarity with a topic you
already knew about.

Background
Information

x
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Aim of the question and examples of student statements
Action Generalizations
Reflection Generalizations
Relating
Searching
Extending
Identification or
Definitions
Influence
Statement

x
X

Student
explains an
example of how
she could relate
this topic to a
situation or
object.

X
Student explains
how an action, a
procedure, a
check, or a test
was repeated to
see if the results
remained the
same.

X
A student explains
how previous
knowledge was
used to either
expand, generate
a new case, use
an existing pattern
to solve the
problem, identifies
parts of a topic
that were not
relevant to
completing the
task

X
Student explains how
a common property or
situation.
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Explain how you found a
general rule about this topic.

Explain any definitions you
came up with on your topic.
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X
Student explains how
a formula, pattern,
procedure or rule
were found.
X
Student describes
a definition of a
topic that was
discovered while
completing the
task.

Explain how you applied any
strategy that you already
knew to this topic.

X
Student explains
how a previously
known strategy
was applied to
complete the
task.

Explain how you applied any
generalization that you
already knew to this topic.

X
Student explains
how a previously
known
generalization w
as applied to
complete the
task.
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Appendix H
Post-interview After Completion of the Non-routine Problem

Script prior to interview.
Thank you again for participating in this research study. Just to remind you, the purpose of this study is to see how
students use generalizations to solve problems that they are not familiar with. A generalization is when a person uses
something they know and applies it to something new or something larger.
The purpose of this interview is to see how you applied what you generalized to solve the problem you worked on.
Keep in mind this interview is strictly voluntary and if any of you wish to not be a part or discontinue your participation
you made do so at any time.
You can use your work on the problems and your journal for reference while answering these questions.
Be as specific as you can while answering your questions and feel free to point to your journal or your work on the
problem as examples. If there are questions that you don’t understand ask for clarification.
Your responses to the questions will be written down and reviewed later.
At some point each of you will have the opportunity to review the information that has been produced through this
process for your clarification.
Are there any questions?
If there are no questions, begin the interview.
Interview Question
and
follow up question

Background
information

Aim of the question and examples of student statements
Reflection Generalizations

Identification
or
Statement

Definitions

Influence
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Have you ever seen or completed a
problem like this before?
Did any of you know the answer to
the problem before you started
working on it?
What did you learn from the lessons
that helped you solve this problem?
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x
x
X
Students state a principle used
to help solve the problem.

X
Students used a definition
to help solve the problem.

X
Students state how a generalization
was used to solve this problem.

X
Students explain an
application of a property,
situation, rule, pattern,
procedure or strategy to solve
the problem.

X
Students explain how the
definition was applied.

X
Students explain how a known
strategy was applied to solve the
problem

If not, what mistakes did you make
along the way?

x
Students explain how property,
situation, rule, pattern,
procedure or strategy used
was incorrect.

x
Students explain that the
definition that was being
used was not being
applied incorrectly.

What did you do to address those
mistakes?

X
Students explain a correction
made in the use of a property,
situation, rule, pattern,
procedure or strategy.

X
Students explain a
correction in the
application of a definition.

How did that information help you
solve the problem?

Did you solve the problem correctly
on the first try?

Did you use any information that you
learned somewhere other than in this
lesson? If so, what?
Did you have an “aha moment” where
you suddenly saw a method to
solving the problem? If so, tell me
about that moment.

X
Students explain a correction in an
application of a strategy.

X
Students explain the use of a
previously developed generalization or
how a previous generalization was
applied to this problem.
X

X

X

Students explain how they saw
similarities to different
situations, objects or a
property.

Students explain how it
was recognized that they
were dealing with a class
of objects.

Students explain how a strategy could
be applied to solve the problem.
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Appendix I
Observation Protocol
Observation Protocol: Application of generalizations on non-routine problems
Observers: Dr. Teague, Dr. Angelica
Location: Suburban Atlanta High School
Informant: Students in a 10th grade geometry class.
Duration: 48 minutes
Diagram representing the setting and location of participants
Small group classroom

The classroom will have two OTs with two to four students depending on how many students are chosen per class. 12-15 desks will be placed in the
classroom in parallel rows The Main whiteboard receives the image from the projector. The auxiliary white board will be used for reference of equations or
vocabulary that is relevant to the topic being taught. The adjacent bulletin board is used as a resource for students to see weekly information informing
topics being covered and other events. For observing students working through non-routine problems, the teacher desk and an empty student desk can
be used as the point of observation.
Class activities to be observed
Participants will be chosen from each of the six classes taught by TR.
•

Geometric Transformations
o Rotating Shapes
o Transformation Golf
o Perspective Dilation

•

Participants will be observed solving six non-routine problems.

Trigonometry
o Proving a Triangle Right
o Area and Perimeter
o Double Triangles
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Topics to be observed
The goal of the observations is to record instances of participants applying generalizations to non-routine problems.
Observations will be recorded in a Microsoft Access file that automatically time stamps data that is typed into the form.
OTs are to record:
• Participant - Participant interactions that are relevant to the non-routine problems.
o Example but not limited to:
 Participant explanation to another participant of considered strategies for solving non-routine problems (Ellis, 2007a, 2007b)
 Participant explanation to another participant of rules, properties of patterns that are considered for solving non-routine problems (Ellis,
2007a, 2007b)
 Participant explanation to another participant of influences of prior knowledge being applied to the non-routine problem (Ellis, 2007a).
• Participant-OT interactions that are relevant to the non-routine problems.
o Examples but not limited to:
 Participants asking OT question about directions to the non-routine problem.
 Participants asking OT clarification question to the non-routine problem.
 OT asking student about an update on progress or direction of thinking.
• No information or knowledge is to be provided in aiding students on solving the non-routine problems.
• Vocalizations relevant to the non-routine problems.
 Participants vocalizing thoughts, strategies or actions being applied to solving the non-routine problem.
OTs are not to record:
• Examples but not limited to:
• Participant- Participant interactions that are not relevant to solving the non-routine problem.
• Participant questions to the OT regarding needing materials and requests to leave the room.
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Appendix J
Table of Definitions of Codes for Action Generalizations by Teacher Researcher and Peer Examiner
Definitions of Codes Developed for Research for Geometric Transformations Action Generalization with Definitions by Ellis, (2007b)
Type 1:
Relating
Finding a relationship
between the result of
two geometric
transformations.

Relating Situations:
The formation of an association between two
or more problems or situations.

Connecting Back:
The formation of a connection between a current situation and a previously
encountered situation.

Finding a situation where two transformations
have a relationship between the results of
between the properties.

Recognizing that performing a pervious transformation has a relationship with the
current transformation being performed either through property or result.

Relating Objects:
The formation of an association of similarity
between two or more present objects
Find a relationship between the objects after
performing two different transformations.

* Recognizing that rotational symmetry is a rotation about the objects center therefore
can be performed using methods applied in other rotations.
Creating New:
The invention of a new situation viewed as similar to an existing situation.
Finding a combination of transformations that show a relationship with an existing
transformation either through a property or result.
Property:
The association of objects by focusing on a property similar to both.
After performing two different transformations recognizing properties of the object as it
went through those transformations.
* Discovering that an object can be rotated about or away from the origin will result in
the same orientations.
Form:
The association of objects by focusing on their similar form.
After performing two different transformations recognizing how the objects are similar or
congruent.

Type 2:
Searching

Searching for the Same Relationship:
The performance of a repeated action in order to detect a stable relationship between two or more objects.

Searching through
either repeated action
or through multiple
examples.

Performing two transformations repeatedly in order to find a stable relationship with the properties of an object. Properties will likely
include aspects of similarity or congruency.
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Searching for the Same Procedure:
The repeated performance of a procedure in order to test whether it remains valid for all cases.
Developing a procedure to perform a transformation without knowing the rules or relationships in order to get a specific result.
*Searching for a procedure to rotate an object around a point away from the origin without a transparency.
*Searching for a procedure to create a line of reflection using a rule with no graph or a diagonal line on a graph.
Searching for the Same Pattern:
The repeated action to check whether a detected pattern remains stable across all cases.
Searching for a pattern by performing either a specific transformation or a group of transformations repeatedly.
* Recognizing that the line of reflection is equal distant from all points between the pre-image and image.
Searching for the Same Solution or Result:
The performance of a repeated action in order to determine if the outcome of the action is identical every time.
Performing a specific transformation or a group of transformations repeatedly to search for the same result.
Type 3:
Extending

Expanding the Range of Applicability:
The application of a phenomenon to a larger range of cases than that from which it originated.

Awareness of an
existing relationship
between two types of
transformations but
can express that
relationship in a more
comprehensive way.

Using a group of transformations in one category to find the same result as a different transformation.

Or

Removing Particulars:
The removal of some contextual details in order to develop a global case.
Removing aspects of a problem such as lines on a graph in order to observe if general theory or case.
Operating:
The act of operating upon an object in order to generate new cases.

Extending an
Performing a combination of a specific transformation in order to find a general theory or case.
execution of a
transformation so that Continuing:
it leads to the
The act of repeating an existing pattern in order to generate new cases.
recognition of a new
relationship.
Replicating a pattern using a specific sequence of transformations of a group of transformations in order to find a general theory or case.
* Indicates the actions generalizations as they were observed in the data.
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Definitions of Codes Developed for Research for Trigonometry Action Generalization with Definitions by Ellis, (2007b)
Type 1:
Relating
Finding a
relationship
between similar
triangles.

Relating Situations:
The formation of an association between two
or more problems or situations.

Connecting Back:
The formation of a connection between a current situation and a previously encountered
situation.

Finding a relationship between solving right
triangles and solving problems involving
similar polygons.

Relating previous operations with similar polygons to solving right triangles or connecting a
previous problem in solving right triangles with a current problem.
Creating New:
The invention of a new situation viewed as similar to an existing situation.
Creating a procedure to use a ratio in order to solve right triangles.

Relating Objects:
The formation of an association of similarity
between two or more present objects
Visually or operationally finding any
relationship between two similar right triangles.

Property:
The association of objects by focusing on a property similar to both.
Relating the properties of dilations to similar polygons or relating properties of similarity
between two right triangles.
Form:
The association of objects by focusing on their similar form.
Finding a relationship by visually identifying correspondence between two right triangles.

Type 2:
Searching

Searching for the Same Relationship:
The performance of a repeated action in order to detect a stable relationship between two or more objects.

Repeating an
mathematical
operation in
solving right
triangles.

Repeating proportional operations in order to discover different relationships between two right triangles.
Searching for the Same Procedure:
The repeated performance of a procedure in order to test whether it remains valid for all cases.
Repeating proportional operations in order to discover a consistent method of solving right triangles.
* Students developing proportions using the trigonometric ratios to find the missing part of a right triangle by applying cross multiplication.
Searching for the Same Pattern:
The repeated action to check whether a detected pattern remains stable across all cases.
Repeating proportional operations in order to discover the relationships between the different sides in solving right triangles.
Searching for the Same Solution or Result:
The performance of a repeated action in order to determine if the outcome of the action is identical every time.
Repeating proportional operations in different combinations to discover the same result or outcome.
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Type 3:
Extending

Expanding the Range of Applicability:
The application of a phenomenon to a larger range of cases than that from which it originated.

Extending
properties of
solving similar
shapes to
solving right
triangles

Applying knowledge of proportional sides previous from experience with similar shapes to solving right triangles using ratios.
Removing Particulars:
The removal of some contextual details in order to develop a global case.
Choosing which details between two right triangles to use in order to develop a standard practice for solving for a missing part of a right
triangle.
Operating:
The act of operating upon an object in order to generate new cases.
Using a scale factor between two right triangles as a standard practice for solving a missing part of a right triangle.
Continuing:
The act of repeating an existing pattern in order to generate new cases.
Repeating a specific proportion which leads to the recognition of a specific ratio that can be used to solve right triangles.

* Indicates the actions generalizations as they were observed in the data.
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Appendix K
Table of Definitions of Codes for Reflection Generalizations
Definitions of Codes Developed for Research for Geometric Transformations Reflection Generalization with Definitions by Ellis (2007b)
Type 4:
Identification or Statement
Expressing or identifying a
specific property or situation
when performing geometric
transformations.

Continuing Phenomenon: The identification of a dynamic property extending beyond a specific instance.
Stating that a property of a transformation remains constant, or that that property of a object after a transformation remains constant no matter how
many times it is performed.
Sameness:
Statement of commonality or similarity

Common Property:
The identification of the property common to objects or situations.

A statement identifying a link between two
or more transformations such as a common
occurrence, result or property.

Stating that a specific sequence of transformations will have the same result as a different
transformation, in that both have similar properties.
Objects or Representations:
The identification of objects as similar or identical.
Stating common properties of an object referencing properties of similarity or congruence after
completing a group of transformations or a sequence of transformations.
Situations:
The identification of situations as similar or identical.

General Principle:
A statement of a general phenomenon

Stating that different situations result in the same or similar conclusion after completing a group of
transformations or a sequence of transformations.
Rule:
The description of general formula or fact.

A statement identifying a constant that is
applicable to a group of transformations.

A statement of a fact regarding a property of transformations or a fact about an object after a
transformation, a group of transformations or a sequence of transformations.
*Stating that a line of reflection needs to be in the middle of all points.
*Stating how many spaces an object moves as a result of a translation.
Stating what the orientation needs to be of an object after a rotation.
Pattern:
The identification of a general pattern.
A statement of a pattern that is constant with an object after performing transformations, or with a
group of transformations, or a sequence of transformations.
*Counted spaces to translate an object.
*Counted spaces to reflect an object.
Strategy or Procedure:
The description of a method extending beyond a specific case.
A statement identifying a strategy or procedure that will have the same result after performing
transformations, or with a group of transformations, or a sequence of transformations.
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* Stating and describing a procedure for reflecting an object.
*Stating and describing a procedure for rotating an object.
*Stating and describing a procedure for translating an object.
Global Rule:
The statement of the meaning of an object or idea.
A statement identifying a rule that exists within a specific result after performing transformations, or
with a group of transformations, or a sequence of transformations.

Type 5:
Definition

Class of Objects:
The definition of a class of objects all satisfying a given relationship, pattern, or another phenomenon.

A statement of fundamental
aspect of an object or
transformation after
performing a group of
transformations or a
sequence of transformation.
Type 6:
Influence

A statement that a relationship, pattern, property, exists in either an object, specific transformation, a group of transformations, a sequence of
transformations after performing transformations, or with a group of transformations, or a sequence of transformations.

A statement of how a
previously conceived
generalization is being
applied to new experiences
after performing
transformations, or with a
group of transformations, or
a sequence of
transformations.

Stating how a generalization of a known rule, property, or situation from a previous experience with transformations informed the current experience
after performing transformations, or with a group of transformations, or a sequence of transformations.

Prior Idea or Strategy:
The implementation of a previously developed generalization.

Modified Idea or Strategy:
The adoption of an existing generalization to apply to a new problem or situation.
Stating how a generalization of a known rule, property, or situation from a previous experience with transformations was applied to the current
experience after performing transformations, or with a group of transformations, or a sequence of transformations.

* Indicates the reflection generalizations as they were observed in the data.
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Definitions of Codes Developed by TR and Co-Teacher for Trigonometry Reflection Generalization with Definitions by Ellis (2007b)
Type 4:
Identification or Statement
Stating that trigonometry and
similarity are related.

Continuing Phenomenon: The identification of a dynamic property extending beyond a specific instance.
A statement that there is a relationship between sides and angles in right triangles that will always result in a proportion to solving right triangles.
Sameness:
Statement of commonality or similarity

Common Property:
The identification of the property common to objects or situations.

Stating that trigonometry and similarity are related
in that both require proportional thinking.

Stating that trigonometry problems require the identification of a right angle, an acute angle,
and a side in order to solve.
Objects or Representations:
The identification of objects as similar or identical.
Stating that the proportions derived for solving right triangles are similar to the proportions
for solving similar polygons.
Situations:
The identification of situations as similar or identical.
Stating that solving for a missing part of a right triangle is a similar situation to solving for a
missing part between to similar polygons.

General Principle:
A statement of a general phenomenon

Rule:
The description of general formula or fact.

Stating that the properties of trigonometry is an
application of similarity.

Stating that all right triangles can be solved using proportions.
*Labelling the legs of a right triangle “opposite,” adjacent,” and “hypotenuse” to help choose
the proper trigonometric ratio.
Pattern:
The identification of a general pattern.
A statement that scale factor between two right triangles will result in deriving of proportions
to solve right triangles.
*Applying the trigonometric ratios sine, cosine, and tangent as a pattern to findings the
missing part of a right triangle.
Strategy or Procedure:
The description of a method extending beyond a specific case.
Applying the relationships between different sides of a right triangle to solve another right
triangle.
*Applying the trigonometric ratios sine, cosine, and tangent as part of the process to
findings the missing part of a right triangle.
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Global Rule:
The statement of the meaning of an object or idea.
Stating that trigonometric functions represent the ratios of specific sides.
Type 5:
Definition

Class of Objects:
The definition of a class of objects all satisfying a given relationship, pattern, or other phenomenon.

Trigonometric ratios can be
used to solve right triangles.

A statement that defines the use of an acute angle in a right triangle to solve for a missing part of that right triangle using a trigonometric ratio.

Type 6:
Influence

Prior Idea or Strategy:
The implementation of a previously developed generalization.

Stating an application of prior
knowledge involving
proportional thinking to
solving right triangles.

Implementing prior process of developing proportions and relating that practice to solving right triangles using trigonometric ratios.
*The application of cross multiplication which was a process that was already known from previous units in the class.
Modified Idea or Strategy:
The adoption of an existing generalization to apply to a new problem or situation.
A statement that trigonometry is a result of applying the same properties as similar polygons.

* Indicates the reflection generalizations as they were observed in the data.
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Appendix L
Code-Document Tables for the Geometric Transformations Lesson Cycle
Code-Document Analysis: Geometric Transformations by Code Groups and Document Groups
Geometric Transformation
IBL Documents
Attribute

45

Rotating Shapes Just a
Little Bit
NRP Documents
34

● Type 1

4

3

0

7

● Type 2
Searching

9

4

26

39

● Type 3
Extending

0

0

0

● Type 4
Identification
or
Statement

55

27

60

142

● Type 5
Definition

0

0

0

0

●Type 6

7

2

0

9

Totals

120

70

155

345

Relating

Influence

Transformation Golf
NRP Documents

Total

69

148
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Code-Document Analysis of Emergent and Type 4 Codes in IBL and NRP Documents
Geometric
Transformation
IBL Documents

Rotating Shapes
Just a Little Bit
NRP Documents

Transformation
Golf
NRP Documents

Totals

● Attribute: Application

0

17

48

65

● Attribute: Correct Answer

40

11

20

71

● Attribute: Incorrect Answer

5

6

6

17

● Type 4: Continuing Phenomenon

0

0

0

0

● Type 4: General Principle: Global Rule

0

0

0

0

● Type 4: General Principle: Pattern

21

4

8

33

● Type 4: General Principle: Rule

16

7

6

29

● Type 4: General Principle: Strategy or Procedure

30

20

55

105

● Type 4: Sameness: Common Property

0

1

0

1

● Type 4: Sameness: Objects or Representations

0

0

0

0

112

66

143

321

Totals
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Code Document Analysis: Geometric Transformations Inquiry-Based Documents

Alf
IBL rotations worksheet
Alf
IBL Transformations
Exploration Questionnaire
Bailey
IBL Rotations Worksheet
Bailey
IBL Transformations
Exploration Questionnaire
Bailey
IBL Translations and
Reflections Worksheet
Barnaby
Pre Interview IBL
Transformations
Exploration
Estelle
pre-interview IBL
Translations and
Reflections
Estelle
IBL Rotations Worksheet
Estelle
IBL Translations and
Reflections Worksheet
Halbert and Ursa
IBL Transformations
Exploration Questionnaire

Attribute
Codes

● Type 1:
Relating

● Type 2:
Searching

● Type 3:
Extending

●Type 4:
Identification
or Statement

● Type 5:
Definitions

●Type 6:
Influence

6

0

0

0

1

0

0

7

0

0

0

0

4

0

0

4

4

2

0

0

2

0

0

8

0

1

3

0

7

0

0

11

5

0

1

0

5

0

0

11

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

3

0

0

0

1

0

0

4

4

0

0

0

2

0

0

6

0

0

0

0

2

0

0

2

Totals
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Halbert
IBL Translations and
Reflections Worksheet
Halbert
IBL Rotations Worksheet
Ivory and Estelle
IBL Transformations
Exploration Questionnaire
Ivory and Estelle
IBL Translations and
Reflections Worksheet
Ivory
IBL rotations worksheet
Ivory pre-interview
IBL Translations and
Reflections
Oswald
IBL Transformation
Exploration Questionnaire
Oswald
IBL Translations and
Reflections Worksheet
Ursa
IBL Rotation
Ursa
IBL Translations and
Reflections Worksheet
Ursa pre-interview
IBL Transformations
Alf
IBL Translations and
Reflections worksheet
Totals

170

1

0

3

0

2

0

0

6

1

0

0

0

1

0

0

2

0

0

0

0

5

0

0

5

3

0

0

0

1

0

0

4

2

0

0

0

3

0

0

5

0

0

0

0

0

0

2

2

0

0

0

0

3

0

0

3

4

0

0

0

1

0

0

5

1

1

0

0

1

0

0

3

3

0

0

0

1

0

0

4

0

0

0

0

0

0

0

0

8

0

0

0

5

0

0

13

45

4

7

0

47

0

2

105
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Code Document Analysis: Rotating Shapes Just a Little Bit Non-Routine Problem Documents

Estelle NRP Rotating
Shapes Just a Little Bit
Halbert and Ursa NRP
Rotating Shapes Just a
Little Bit
Ivory NRP Rotating
Shapes Just a Little Bit
Ivory post interview
NRP Rotating Shapes
Just a Little Bit
Oswald and Barnaby
Post Interview
NRP Rotating Shapes
Just a Little Bit
Oswald and Barnaby
NRP Rotating Shapes
Just a Little Bit
Oswald and Barnaby
Post Interview
NRP Rotating Shapes
Just a Little Bit
Alf Post Interview NRP
Rotating Shapes Just a
Little Bit
Halbert and Ursa NRP
rotating shapes just a
little bit post interview
Alf NRP Rotating
Shapes Just a Little Bit
Bailey Post Interview
NRP Rotating Shapes
Just a Little Bit
Totals

Attribute
Codes

● Type 1:
Relating

● Type 2:
Searching

● Type 3:
Extending

● Type 4:
Identification or
Statement

● Type 5:
Definitions

● Type 6:

6

0

0

0

3

0

0

9

4

2

0

0

4

0

0

10

5

0

0

0

3

0

0

8

0

0

1

0

1

0

0

2

0

0

1

0

0

0

0

1

6

0

0

0

3

0

0

9

0

0

0

0

0

0

0

0

0

0

2

0

0

0

0

2

0

1

0

0

1

0

2

4

6

0

0

0

7

0

0

13

1

0

0

0

2

0

0

3

28

3

4

0

24

0

2

61

Influence

Totals
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Code Document Analysis: Transformation Golf Non-Routine Problem Documents

Alf and Bailey NRP
Transformation Golf
Questionnaire
Alf and Bailey Post Interview
NRP Transformation Golf
Alf, Bailey, Estelle and Ivory
NRP Transformation Golf
Observation
Estelle and Ivory NRP
Transformation Golf
Questionnaire
Estelle and Ivory Post
Interview NRP
Transformations Golf
Halbert and Ursa
Observation NRP
Transformation golf
Halbert and Ursa NRP
Transformation Golf
Questionnaire
Alf and Bailey NRP
Transformation Golf
Halbert and Ursa NRP
Transformation Golf
Barnaby and Oswald NRP
Transformation Golf
Estelle and Ivory NRP
Transformation Golf
Totals

● Type 1:
Relating

● Type 2:
Searching

● Type 3:
Extending

● Type 4:
Identification or
Statement

● Type 5:
Definitions

● Type 6:
Influence

0

0

0

6

0

0

6

0

2

0

3

0

0

5

0

6

0

12

0

0

18

0

1

0

1

0

0

2

0

3

0

1

0

0

4

0

14

0

11

0

0

25

0

0

0

2

0

0

2

0

0

0

3

0

0

3

0

0

0

7

0

0

7

0

0

0

12

0

0

12

0

0

0

2

0

0

2

0

26

0

60

0

0

86

Totals
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Appendix M
Geometric Transformations Lesson Cycle Data Network Views Created in ATLAS.ti
Data Network View of Specific Attribute and Type 4 Identification or Statement Codes for Rotating Shapes Just a Little Bit
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Data Network of Specific Attribute and Type 4 Identification or Statement Codes for Transformation Golf
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An ATLAS.ti Data Network View Presenting Visual Evidence of Type 4 Codes and Attribute Codes Connecting to Specific
Documents in the Non-Routine Problem Rotating Shapes Just a Little Bit.
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An ATLAS.ti Data Network View Presenting Visual Evidence of Type 4 Codes and Attribute Codes Connecting to Specific
Documents in the Non-Routine Problem Transformation Golf.
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Appendix N
Co-Occurrence Analysis for the Geometric Transformations Lesson Cycle
Co-Occurrence Analysis Between Type 1 and 2 Action Generalizations, and Type 4 Reflection Generalizations
(4f)
(4e)
(4g)
● Pattern
● Rule
● Strategy
or Procedure
●Type 1
0
0
Relating Objects: Form
●Type 1
0
3
Relating Objects: Properties
●Type 1:
0
0
Relating Situations: Creating New
●Type 2:
0
0
Searching for the Same Pattern
●Type 2:
0
2
Searching for the Same Procedure
●Type 2:
0
0
Searching for the Same Relationship
●Type 2:
Searching for the Same Solution or Result
0
0

0
0
0
0
1
0
0
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Co-Occurrence Analysis Between Emergent Codes and Type 4 General Principle Codes for Rotating Shapes
Just a Little Bit
Emergent:
Emergent:
Emergent:
Application
Correct Answer
Incorrect Answer
(4h)
0
0
0
●Global Rule
(4f)
2
10
0
● Pattern
(4e)
6
11
0
●Rule
(4g)
11
14
0
●Strategy or Procedure
Co-Occurrence Analysis Between Emergent Codes and Type 4 General Principle Codes for Transformation Golf
Emergent:
Emergent:
Emergent:
Application
Correct Answer
Incorrect Answer
(4h)
0
0
0
●Global Rule
(4f)
7
8
2
● Pattern
(4e)
4
9
1
●Rule
(4g)
49
18
0
● Strategy or Procedure

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

179

Appendix O
Code-Document Analysis for the Trigonometry Lesson Cycle
Code-Document Analysis: Trigonometry Lesson Cycle by Code Groups and Documents
Trigonometry

Area and Perimeter

Double Triangles

Proving Triangles Right

Total

IBL Documents

NRP Documents

NRP Documents

NRP Documents

Attribute Codes

192

59

102

81

434

● Type 1

0

0

0

0

0

8

1

0

0

9

0

0

0

0

0

122

41

64

74

301

0

0

0

0

0

76

11

29

12

128

398

112

195

167

872

Relating

● Type 2
Searching
● Type 3
Extending
●Type 4

Identification
or
Statement
● Type 5
Definition
●Type 6

Influence
Totals
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Code-Document Analysis: Trigonometry Lesson Cycle by Type 2 Action Generalizations and Code Groups and Documents
Area and Perimeter NRP Documents
Trigonometry IBL documents
Totals
● Type 2:
Searching for the Same:
0
7
7
Pattern
● Type 2:
Searching for the Same:
0
8
8
Procedure
● Type 2:
Searching for the Same:
1
1
2
Relationship
● Type 2:
Searching for the Same:
0
0
0
Solution or Result
Totals
1
16
17
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Code-Document Analysis: Trigonometry Lesson Cycle for Attribute Code Subgroup, Type 4 and Type 6 by Document Group
Trigonometry
Area and
Double Triangle
Proving Triangle
Total
IBL Documents
Perimeter NRP
NRP Documents
Right NRP
Documents
Documents
Action Label
168
49
93
81
391
Result
51
18
27
16
112
● Type 4
122
41
64
74
301
Identification
or
Statement
●Type 6
76
11
29
12
128
Influence
Total
417
119
213
183
932
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Code: Document Analysis: Trigonometry Lesson Cycle for Specific Attribute, Type 4 and Type 6 Codes
Trigonometry
IBL Documents

Area and Perimeter
NRP Documents

Proving Triangles Right
NRP Documents

Total

11

Double Triangles
NRP
Documents
14

● Action Label: A,H,O Triangle Labels

32

14

71

● Action Label: Cross Multiplication

68

10

30

12

120

● Action Label: Soh Cah Toa (Trig)

68

28

51

57

204

● Result: Correct Answer

50

18

27

16

111

● Result: Incorrect Answer

1

● Application

0

47

51

74

172

● Type 4: General Principle

0

0

0

0

0

33

14

34

33

114

57

21

43

40

161

48

10

12

18

88

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

76

11

30

12

129

433

170

292

276

1170

1

Global Rule
● Type 4: General Principle:
Pattern
● Type 4: General Principle:
Rule
● Type 4: General Principle:
Strategy or Procedure
● Type 4: Sameness:
Common Property
● Type 4: Sameness:
Objects or Representations
● Type 4: Sameness:
Situations
● Type 6: Influence:
Modified Idea or Strategy
● Type 6: Influence:
Prior Idea or Strategy
Total
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Code Document Analysis: Trigonometry Inquiry-Based Documents by Participant
Attribute
● Type 4:
● Type 1:
● Type 2:
● Type 3:
Code

Anna and Thelma
Pre-interview IBL
Trigonometry
Anna IBL
Trigonometry
Homework
Assignment
Anna IBL
Trigonometry
Questionnaire
Anna IBL
Trigonometry
Worksheet
Earl and Wayne Preinterview IBL
Trigonometry
Earl IBL Trigonometry
Homework
Assignment
Earl IBL Trigonometry
Questionnaire
Earl IBL Trigonometry
Worksheet
Guy and Marty Preinterview IBL
Trigonometry
Guy IBL Trigonometry
Questionnaire
Guy IBL Trigonometry
Worksheet
Marty IBL
Trigonometry
Questionnaire
Marty IBL
Trigonometry

Relating

Searching

Identification
or Statement

Extending

● Type 5:

Definitions

● Type 6:
Influence

Totals

2

0

0

0

1

0

1

4

6

0

0

0

2

0

2

10

2

0

0

0

0

0

2

4

14

0

1

0

8

0

4

27

4

0

0

0

3

0

2

9

11

0

0

0

11

0

2

24

1

0

0

0

1

0

0

2

6

0

1

0

6

0

3

16

3

0

0

0

1

0

2

6

5

0

0

0

3

0

2

10

8

0

2

0

4

0

4

18

5

0

0

0

3

0

2

10

7

0

1

0

5

0

4

17
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Worksheet
Polly and Shaw Preinterview IBL
Trigonometry
Polly IBL
Trigonometry
Homework
Assignment
Polly IBL
Trigonometry
Questionnaire
Polly IBL
Trigonometry
Worksheet
Shaw IBL
Trigonometry
Homework
Assignment
Shaw IBL
Trigonometry
Questionnaire
Shaw IBL
Trigonometry
Worksheet
Wayne IBL
Trigonometry
Homework
Assignment
Wayne IBL
Trigonometry
Questionnaire
Wayne IBL
Trigonometry
Worksheet
Totals

184

4

0

0

0

3

0

1

8

16

0

0

0

8

0

8

32

11

0

0

0

7

0

5

23

23

0

1

0

8

0

6

38

18

0

0

0

13

0

5

36

3

0

0

0

1

0

2

6

28

0

2

0

18

0

10

58

6

0

0

0

7

0

4

17

1

0

0

0

1

0

1

3

8

0

0

0

8

0

4

20

192

0

8

0

122

0

76

398
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Code Document Analysis: Area and Perimeter NRP Documents by Participant
Attribute
Code
Anna and Thelma
Post Interview
NRP Area and
Perimeter
Anna NRP Area
and Perimeter
Earl and Wayne
Post Interview
NRP Area and
Perimeter
Earl NRP Area
and Perimeter
Guy NRP Area
and Perimeter
Marty NRP Area
and Perimeter
Polly and Shaw
Post Interview
NRP Area and
Perimeter
Polly NRP Area
and Perimeter
Shaw NRP Area
and Perimeter
Wayne NRP Area
and Perimeter
Totals

● Type 1:
Relating

● Type 2:
Searching

● Type 3:
Extending

● Type 4:
Identification or
Statement

● Type 5:
Definitions

● Type 6:
Influence

Totals

7

0

1

0

5

0

2

15

6

0

0

0

3

0

1

10

5

0

0

0

5

0

0

10

8

0

0

0

6

0

1

15

7

0

0

0

5

0

2

14

8

0

0

0

5

0

2

15

1

0

0

0

1

0

0

2

6

0

0

0

3

0

1

10

6

0

0

0

3

0

1

10

5

0

0

0

5

0

1

11

59

0

1

0

41

0

11

112
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Code Document Analysis: Double Triangles NRP Documents by Participant
Attribute
Code

Anna NRP
Double
Triangles Post
Interview
Anna NRP
Double
Triangles
Anna
Observation
NRP Double
Triangles
Earl and Wayne
NRP Double
Triangles
Observation
Earl and Wayne
NRP Double
Triangles Post
Interview
Earl NRP
Double
Triangles
Guy and Marty
NRP Double
Triangles
Observation
Guy NRP
Double
Triangles
Marty NRP
Double
Triangles
Polly NRP
Double
Triangles

●Type 1:
Relating

● Type 2:
Searching

● Type 3:
Extending

● Type 4:
Identification or
Statement

● Type 5:
Definitions

● Type 6: Influence
Totals

3

0

0

0

2

0

1

6

14

0

0

0

8

0

4

26

8

0

0

0

6

0

2

16

9

0

0

0

9

0

0

18

4

0

0

0

4

0

1

9

14

0

0

0

11

0

4

29

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

9

0

0

0

4

0

3

16
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Shaw and Polly
NRP Double
Triangles
Observation
Shaw and Polly
NRP Double
Triangles Post
Interview
Shaw NRP
Double
Triangles
Totals

187

12

0

0

0

9

0

3

24

0

0

0

0

0

0

0

0

13

0

0

0

7

0

4

24

86

0

0

0

60

0

22

168

INVESTIGATING STUDENTS’ APPLICATION OF GENERALIZATIONS

188

Code Document Analysis: Proving Triangles Right NRP Documents by Participant
Attribute Code

● Type 1:
Relating

Ana NRP Proving Triangles
Right
Anna and Thelma NRP
Proving Triangles Right
Observation
Anna and Thelma NRP
Proving Triangles Right Post
Interview
Earl and Wayne NRP Proving
Triangles Right Observation
Earl and Wayne NRP Proving
Triangles Right Post Interview
Earl NRP Proving Triangles
Right
Guy and Marty NRP Proving
Triangles Right Observation
Guy and Marty NRP Proving
Triangles Right Post Interview
Guy NRP Proving Triangles
Right
Marty NRP Proving Triangles
Right
Polly and Shaw NRP Proving
Triangles Right Observation
Polly and Shaw NRP Proving
Triangles Right Post Interview
Polly NRP Proving Triangles
Right
Shaw NRP Proving Triangles
Right
Thelma NRP Proving
Triangles Right
Wayne NRP Proving
Triangles Right
Totals

● Type 2:
Searching

● Type 3:
Extending

● Type 4:

Identification or
Statement

● Type 5:

Definitions

● Type 6:
Influence

Totals

5

0

0

0

5

0

0

10

3

0

0

0

3

0

0

6

2

0

0

0

1

0

1

4

12

0

0

0

12

0

1

25

3

0

0

0

3

0

2

8

6

0

0

0

6

0

1

13

7

0

0

0

7

0

1

15

1

0

0

0

1

0

0

2

5

0

0

0

5

0

0

10

5

0

0

0

5

0

0

10

9

0

0

0

8

0

1

18

3

0

0

0

3

0

0

6

10

0

0

0

5

0

5

20

3

0

0

0

3

0

0

6

3

0

0

0

3

0

0

6

4

0

0

0

4

0

0

8

81

0

0

0

74

0

12

167
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Appendix P
Trigonometry Lesson Cycle Data Network Views Created in ATLAS.ti
Data Network View of Attribute Codes, Type 4 Identification or Statement Codes, and Type 6 Influence Codes for Area and Perimeter
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Data Network View of Attribute Codes, Type 4 Identification or Statement Codes, and Type 6 Influence Codes for Double Triangles
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Data Network View of Attribute Codes, Type 4 Identification or Statement Codes, and Type 6 Influence Codes for Proving Triangles Right.
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Data network view for trigonometry non-routine problems connecting codes to documents for the non-routine problem Area and
Perimeter.
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Data network view for trigonometry non-routine problems connecting codes to documents for the non-routine problem Double
Triangles.
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Data network view for trigonometry non-routine problems connecting codes to documents for the non-routine problem Proving
Triangles Right.
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Appendix Q
Co-Occurrence Analysis for the Trigonometry Lesson Cycle
Co-Occurrence Analysis Performed in ATLAS.ti Between Type 4 and Type 6 Reflection Generalizations with Type 2 Action
Generalizations for Trigonometry Inquiry-Based Lesson Documents.
(4f)
● Pattern
● (2c)
Searching for the Same
Pattern
● (2b)
Searching for the Same
Procedure
● (2a)
Searching for the Same
Relationship
● (2d)
Searching for the Same
Solution or Result

(4e)
● Rule

(4g)
● Strategy
or Procedure

(6a)
● Prior Idea or Strategy

1

2

3

7

1

2

4

8

0

0

1

2

0

0

0

0
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Co-Occurrence Analysis Performed in ATLAS.ti Between Type 4 and Type 6 Reflection Generalizations with Attribute Codes
Area and Perimeter Non-Routine Problem Documents.

Action Label:
● A,H,O Triangle Labels
● Application
Result:
●Correct Answer
Action Label:
● Cross Multiplication
Action Label:
● Soh Cah Toa (Trig)

(4f)
● Pattern

(4e)
● Rule

(4g)
● Strategy
or Procedure

(6a)
● Prior Idea or
Strategy

4

44

1

2

16

23

15

19

11

10

25

47

12

16

37

76

41

31

49

46
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Co-Occurrence Analysis Performed in ATLAS.ti Between Type 4 and Type 6 Reflection Generalizations with Attribute Codes
Double Triangles Non-Routine Problem Documents.

Action Label:
● A,H,O Triangle Labels
● Application
Result:
● Correct Answer
Action Label:
● Cross Multiplication
Action Label:
● Soh Cah Toa (Trig)

(4f)
● Pattern

(4e)
● Rule

(4g)
● Strategy
or Procedure

(6a)
● Prior Idea or
Strategy

9

48

1

2

38

39

8

26

11

10

23

50

19

27

35

88

59

53

43

56
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Co-Occurrence Analysis Performed in ATLAS.ti Between Type 4 and Type 6 Reflection Generalizations with Attribute Codes
Proving Triangles Right Non-Routine Problem Documents.

Action Label:
● A,H,O Triangle Labels
● Application
Result:
● Correct Answer
Action Label:
● Cross Multiplication
Action Label:
● Soh Cah Toa (Trig)

(4f)
● Pattern

(4e)
● Rule

(4g)
● Strategy
or Procedure

6a)
● Prior Idea or
Strategy

4

47

2

3

32

34

20

15

8

10

26

44

8

13

37

79

60

49

53

38
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Co-Occurrence Analysis Tables Developed in ATLAS.ti Comparing Attribute Codes
NRP Area and Perimeter

●A,H,O

●A,H,O Triangle Labels
● Application
●Correct Answer
●Cross Multiplication
●Soh Cah Toa (Trig)

Triangle Labels
0
11
2
2
2

●A,H,O Triangle Labels
● Application
●Correct Answer
●Cross Multiplication
●Soh Cah Toa (Trig)

●A,H,O
Triangle Labels
0
11
2
2
4

● A,H,O Triangle Labels
● Application
●Correct Answer
●Cross Multiplication
●Soh Cah Toa (Trig)

●A,H,O
Triangle Labels
0
13
2
2
4

NRP Double Triangles

NRP Proving Triangles Right

●Application

●Correct Answer

●Cross Multiplication

●Soh Cah Toa (Trig)

11
0
18
18
35

2
18
0
43
30

2
18
43
0
42

2
35
30
42
0

●Application

●Correct Answer

●Cross Multiplication

●Soh Cah Toa (Trig)

11
0
10
26
47

2
10
0
46
28

2
26
46
0
52

4
47
28
52
0

●Application

●Correct Answer

●Cross Multiplication

●Soh Cah Toa (Trig)

13
0
15
15
53

2
15
0
40
33

2
15
40
0
33

4
53
33
33
0

